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ON A THEOREM DUE TO VINOGRADOW 
By LOO-KENG HUA (Kunming) 


[Received 26 September 1939] 
1. Introduction 
Ir was proved by Vinogradow} that, if P is a large positive integer, 
then ie 
= [ +f e2ri(aaz*+.+02))" doy. doy, = O( Pr-k+)), 
t 0 
Sor the greatest even integer r satisfying 

r < Dk(k+-1)(k+ 2)log k, 

where the value of L, which depends on k, is given by the following table: 
k 2 3 4 5 6 7 8 9 10 11 12 13 314 


LI 4-81 4-45 4-34 4-30 4-29 4:23 4-22 4-18 4-16 4-15 4-14 4-12 4-10 


The result is very important, and has numerous applications, e.g. to 
Waring’s problem, to the estimation of trigonometrical sums as given 
by Vinogradow himself,t to Tarry’s problem and to the simultaneous 
Waring’s problem as given by the author.§ Now I am able to improve 


the result for small k: namely, for the s given by the table|| 


k 2 3 + 5 6 7 8 9 10 
8 6 16 46 124 312 760 1778 4068 9190 
r 80 293 721 1453 2582 4148 6318 9092 12644 


we have 
1 


J f P e2 Qri(apr* +... +0)? day.. da, = O(Ps- bk(k+1)+<) 
0 
where the constant implied by the symbol O (and later by the equivalent 
symbol <) depends on k and « only. 
The method of proof is similar, in principle, to that used in my 
previous paper,}} but with a complicated modification. 
We use yAf(x) to denote f(x+-y)—f(x); evidently Af(x) is a poly- 
+ Recueil Math. new series, 3 (1938), 435-71. 


t Loe. cit., and Travaux de V Institut Math. de Tbilissi, 5 (1938), 167-80. 
§ Cf. the end of this paper. 
|| The last line gives the values due to Vinogradow. 
tt Quart. J. of Math. (Oxford), 9 (1938), 199-202. 
3695.11 M 
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nomial in x and y. The A operation will only be applied to the variable 
x. It is easy to verify that 

Y1--Y, Ara” = 0 (wu >>»), 

Yy---Yy, AMEe = pl Yy...-Yy, 
and Yy---Y, Abort? = Yy...y, W, 
where w is a linear form in y...., y,, and x with integer coefficients. 

LEMMA 1. Let g,(x),..., 9,(%) be polynomials in x, and let 
g(x) = a4 9y(22)-+... +4494) 


be of degree k. Let 5 e2mighx) 
z=1 


P Pr 2 
F* < p*-14 pe -p-1 = ss > >* e27ity.v,, Motu +») 
Wy 


Vp Lu+. 


Then 


P 
for w = 1,2,..., k—1, where ¥ denotes a sumt with O(P) terms, and 
y 


where * denotes the conditions y,...y,, A"9,(%,41) #9, for all those 
values of r for which g,(x) ts of degree greater than qm. 
The proof is the same as that given in my previous paper. 
THEOREM A(k). Let 
f(x) = ayx*+a, x*-1+..., 


aphere @ , Er Ss w , 2) a 2 z 
where a, is an integer < 1 and a, is an integer < P. Let 
P a k-2 
S,, por 2 E27 UAL) +O p20 toe +O) 
z=1 


Then we have 
- 2 
| Sen | \S,.|4 day...dax, da, = O( PA-HK-k+2)+€), 
0 Oo 
where the value of is given by the table 
k 3 4 5 6 7 9 
A 10 32 86 220 536 1272 2930 
THEOREM B(k). Let 
? > e2ri(az,a*+...4 x) 
Z=1 
Then we have 
z 3 
re IC). |® da,...doy, = O( Ps-tk+D+e) 
0 0 
where s is as given previously. 
+ The conditions of summation for y, may depend on the value of y;, and 
so on. t Loc. cit. 201. 
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The proofs of both theorems depend on one another; more precisely, 
I shall prove the truth of theorem A(k) by using results in the proofs 
of A(l,) and B(l,) for 1, << k—1 and 1, < k—1, and the truth of 
theorem B(k) by using results in the proofs of A(l,) and B(I,) for 
l, <k andl, < k—1. The methods used differ for different values 
of k. Certainly there exists a uniform method for the induction, but 
such a method gives a worse result. 


2. Proof of the theorems 
2.01. We may assume that f(x) = x* in A(k), provided that we 

make a certain slight modification in the enunciation. In fact, 

1 1 

[ --- [ [Spe]? day...dloy, 9 doy, 

0 0 
is equal to the number of solutions of 

fly) + fly) = fly) +L Up) 


- deen +e, ~ a a 24, ty *, 


ore vrs = piace. es 
subject to 
Inna lh, laaer (vy = 1, 2.,..., 48). 
Multiplying the equations by k*ak-1, k*—ak-*...., kag respectively, 
they become 


L 


I in 
2, {(kay x,)*+ ka, (kay x,)*-1+...} * » 3 {(kay y,)* +-ka, (kag y,)*-1+-...}, 


ad ‘iad 
> (kay x,)*-? —_ > (ka, y,)*-, 


v=1 v=1 


b a 
> (kayx,) = p% (kay y,). 


v=] 
Put 2), = kayx,+a,, y), = kayy,+a,; then we have the system of 
equations 
zit bak = yt ty 
arik-2 oik-8 — yik-2 4 'k-2 
. Feet ' 1 ahd. (1) 
tbh = ltt 
subject to the conditions 
ak | (%,—4,), 
at+1<2<a,+P. 
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—_— 
Certainly | Peon [ |S;.|2# da...da, 

0 0 
does not exceed the number of solutions of (1) with the condition (3) 
only. Thus we need only discuss the case with f(x) = x*, provided 
that in Theorems A(k), B(k) we allow the range of summation to be 
any interval of length P with both end-points < P. From now on- 
wards we suppose them enunciated in this slightly more general form. 


2.02. We shall now prove that 
s ¢g 
e i \S).|2* day,...do, < P+«. (4) 
0 60 
For this we require the following 
LEMMA 2. Let 
8; = +... +2 
Then the symmetrical function 
f = (8,—2,)..-(8,;—2,) 
of %1,...,%,, can be expressed as a function of 81,..., 8,2 and 8, only. 
Proof. We write 
f = sk—sk-10,+...4(—1)'o,, 
where oa; is the ith elementary symmetrical function of 2,,...,x,. By a 
well-known result on symmetrical functions, we have 
f= (—1fkogt+(—1)F 0g 4 8, +A (815-++5 84-2) (5) 
By Newton’s formulae, we have 
(—1)¥koy, = — 84-04 8% +(—1)Fog_y 8y + f0(815-++s 84-2); 
and (—1)F-(k—1 ogy = — 84-4 t+f3(81)---s 84-2). 
Consequently, 
ke{(—1)Foy, + (— 1) Fog 84} = 8p +04 84-1 — 81 8-1 tS al S1>-++2 8-2) 
= — 8+ fq(81,--+5 8-2) 
Combining this with (5) we have the lemma. 
2.03. Proof of (4). The integral on the left of (4) does not exceed 
the number of solutions of 
t+... +a = yit+...+yk 


2 


Kk — 2 k-2 — k—-2 k-—2 
Uy ee POR = YL Oe TUE 


Bybee hy = Yt bY 
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subject to x, = O(P), y, = O(P). 
Let U = a4... +2, = Yt... +yp- 
By Lemma 2 the equations (6) imply that 
(I—2,)...(l—a,) = (I—y,)...(l—y). 
For given y,,..., Y; With the condition 
(l—y,).-.(l—y,) A 9, 
the number of sets of values for 2,,..., x, does not exceed 
dk{(l—y,)..-(l—y,)} = O(P*), 


where d(n) denotes the number of divisors of n. 
If (7) does not hold, then one of the y’s and also one of the 2’s is 
equal to 1. Suppose 2; = y;, = 1. There are O(P) choices for x,, and 


the equations (6) imply that 


Lyte = Yt +Yp-1 = O. 


There are O(P*-1) choices for x,_,, Yo,---, Yx—-1, and these determine 
y, uniquely, and determine 2,..., 2,2 with not more than (k—2)! 


(= O(1)) possibilities. Hence in this case also there are O( P*+) solu- 
tions for (6). This proves (4). 
2.04. We next prove that 


1 1 

a | |C,,|2*+ da,...day, << Pk+ti+, 

0 60 
For this we require the following 

LemMA 3. The system of equations 
vit...tats, = yit...tyts, (¢ =1, 2,..., &) 
implies a relation of the form 
(Xj.41—Yacsa)I(Yro-+-> Yes Che Yoesas Vesa) = (Xp — Ya (Yas--+> Yes Me)» 

where g and h are homogeneous polynomials of degree k—1 in the 
variables indicated. The homogeneous polynomial of degree k—1 in 
Tp43 ANd Y;,4, Only, contained in g, is not divisible by X.4;—Yxsy, and 
the coefficients of xi-1 in h and xk>} in g are constants different from 


zero. 
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Proof. Let 
8; = A+... +21 te = yi t---t+Yk-1- 
We can write (9) in the form 
8, = t,—(%—- Yk) — (Cea —Yes) (Vv = 1... &). (10) 
It is well known that 
8,—O} 8,4 +o 89+... +(—1)*—10,_, 8, = 0, (11) 
where o; is the ith elementary symmetrical function of 2,,..., 2;_. 
Since o; is expressible as a polynomial in s,,..., 8;, we can write (11) in 
the form 
8,—81 8-1 +09(81, 8g)8p-9+----+(—1)*—40y,_4(81,..-) 84-1) 8 = 
Similarly, 


bb; by. +-Oelbe, teeat--..+-(—1P 4 hk... ba or 


If we substitute from (10) in (12), we obtain the left-hand side of 
(13), plus a number of terms, each of which is a product of powers 
of the ¢’s and of factors of the type 2.—y}, Vis1—Yhi1- When we 
subtract from this the equation (13), and take over to the right-hand 
side all terms which do not contain any factor of the type 2}..;—Y}+41; 


we obtain a relation which is of the required form. 

The part of g containing only x,,, and y;,, arises from those terms 
which contain only factors of the type x%.,,—y%.4,- All such terms 
contain at least two factors, except that term —(xi,,—y,,) which 
comes from s,. Now this term is not divisible by (%;..—¥y;,,,)*, 
whereas all others are. This proves the assertion about g. 

The coefficient of xf ,, in the expression (12) after substituting from 
(10) can be found by taking s, = —2j.,,. This makes o, = (—1)’2}.,,, 
and so the coefficient is 

=1—(=1)(-1)+((-1)—...-(— (= 1)F-(- 1) = Fk. 
(14) 
Thus the coefficient of £7} in g is —k. Similarly for the coefficient 
of xk-1 in h. 

2.05. Proof of (8). The integral on the left is the number of solu- 
tions of the equations (9) subject to 2, = O(P), y, = O(P). By 
Lemma 3 the equations imply 


(© je41— Yrs )I (Yr Yar Ves Vera» Lesa) = (Lpe— Yu) (Yr-++5 Ya» Ly)» (15) 
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For given yj,..., Yz, %, satisfying 


(j,— Ys) M(Y15---5 Yas Xe) F O, (16) 
the number of sets of 2;,,,, Y;,4, does not exceed the divisor function 
Af (Xj,—Yj.)h(Yy,---s Yas Xp)} = O(P*). 

This follows from the fact that, by the second assertion of Lemma 3, 
the number of solutions of 


Tesi — Yeu = ¢ I(Ya5--+5 ks Tes Yara Tesi) = @ 
(c, d being non-zero integers) does not exceed the degree kK—1 of g. 
Further, if (2;.— Yj) R(Y3,---> Yur Xe) = 9, 


then (p41 —-YrrvI(Yr 

In virtue of the last assertion of Lemma 3, these equations imply 
that, for given yj,..., y, and y,,,, there are only O(1) possible values 
for x, and for 2;,,,. 

In either case, when 4¥,..., Yx, Xp; Lesa» Yesy ae known, there are 
only O(1) possible sets of values for 2,,..., x,_,, by (9). Hence the 
number of solutions of (9) subject to x, < P, y, < P, is O(P*++*). 
This proves (8). 

2.06. B(2) is the particular case k = 2 of (8). 

2.07. Proof of A(3). By Lemma 1 we have 

|S,|4 < P3+P s . $e E27 YA Asz3+% 2s) 

Ww V2 Ls 

where the * means that the variables are subject to y, y, A*x3} + 0. 
Multiplying this inequality throughout by |S,|*, and integrating with 
respect to a, and ag, we have 

11 11 

[ [ \Spl2° doy dag < P [ | \S,|° da, dag+ PR, 

00 00 
where R denotes the number of solutions of 


Ys Yo A*(x8) = 28+... +23—23—...—22, 
Yr Y2A*(x3) F 0, 
O = 2 -+...+-2%g—2%g— --- — 2s 
with z, = O(P). Since z,,..., 2; determine the other variables with 


v 


only O(P*) possibilities, we have R= O(P***). Thus, using (4) 
with k = 3, we have 


11 
[ [ |Sp|° day dag << P*«, (17) 
00 
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2.08. Proof of B(3). By Lemma 1 
PPP ; 
Galt < PEEP SS S* etrinnstasatsaaed, 
Mm V2 Zs 
where the * means that the variables are subject to 
YrY2A*(x3) #0, — Yr Ya A*(x§) A 0. 
Multiplying this inequality throughout by |C;|§, and integrating with 
respect to a1, a», a3, using (8) with k = 3, we have 
33% 
|C, |? da, day da, << P7+*+ PR, 
0 0 0 
where F is the number of solutions of 
YzYQW = 2-+...+23—23—...—z3 (y,y.w < 9), 
i 


2] 2 


241 Yo = 2+ 
O = 2,4 ...+%— 


“4 


where w = A(x?) < P andz, < 
For any fixed w the number of solutions of 


(223—wz?)+ ...+ (228—wez2) = (223—we?)+...4 
a+... +% = 

is O(P>**), by (4) with k= 3 and f(z) = 223—wz?. Therefore, 

R = O(P*+*), and so 
231 
1} | [Cgi? doy doydag << P7+, (19) 
000 

In the same way, multiplying (18) by |C,|!* and using (19) and 


11 


|| |S3|?? da, dag < PS+<, 
00 


which is a trivial consequence of (17), we obtain 
Ee 
({ [ \O4 2° day day da, < Pre, 
000 
This is B(3). 
2.09. Proof of A(4). By Lemma 1 we have 
Pppp 


|S, |8 - € Pi+ P4 s $ 7 ad e27tViV2 »YgA*(gri+aQr3+ 24) 


Wr V2 Vs % 
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where the * denotes that y,; y.y3A°x} ~ 0. Multiplying by |S,|® and 
integrating, and using (4) with k = 4, we have 


11 
[[ \Syl18 doy dada, << PU+*+ PAR, 


00 


where R is the number of solutions of 
Yi Y2Y3A°x4 = 2+...F24—-—...—2§ (Yi ¥eysA*x4 4 0), 
0 = 2+ ...+23—z2—...—2, 
O = 2,+...+2g—%—...— 2g, 


with z, < P. Using 
a3 
[ { (Cul® doy day < PS, 
00 


which is a trivial consequence of B(2), we have R < P*+*. Thus 


111 
| [ \Sq|?° day dag day << PU**, (20) 
000 


Repeating the argument, but multiplying by |S,|!* and |S,|**, we 
obtain successively 
111 
[[[ |S.l** day dagday < Pi8+«, (21) 
000 
ee! 


ty |S, [3 dary dary dovg < Prt, (22) 


000 


This is A(4). 
2.10. Proof of B(4). By Lemma 1 we have 
P PP 
IC, |* < P34 P 2 > >° E2Mi YoA"(XgX3+ Og TZ +o), 
“WU V2 Ls 


where the * denotes that the summation is subject to 
Yi Y2A°as #0, Yr Y2A°as A 0. 


Multiplying the inequality by |C,|!° and integrating, we have, 


using (8), 
1111 


[| [ [ |C,|"* day day dag dag < Ps+«+ PR, 
Jaaa 


000 
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where R denotes the number of solutions of 
Yi Y2A°ag = 2+...—Zio (Yr Y2A°ag A 9), 
YrY2W = A+...—zho (Yi y2w F 9), 
241 Ya = 2+...—2%o, 
O = 2,+...—249- 


(The usual conditions on the magnitude of w and the z’s are to be 
understood.) For fixed w the number of solutions of 
— ane2)\_t 943 ape2 
O = (223—wz?)+ ...—(223,—wzip), 
O = 2+ ...— 219 
is < P*« by (17). Consequently, R < P’**, and 
2422 
| | |Cy|2* da, dag dagda, << PSt. 
0000 
By Lemma 1 we have 
PPPP 
C, 8 < P'+ P4 2 > b 2 + ag e27iv Y2Ysd*( Xai ten), 
Wi V2 Vs XM 
where the * denotes that y, y. yz A°x} 4 0. Multiplying by |C,|** and 
integrating, we have, by (23), 


where R denotes the number of solutions of 
YrY2Yg@ = Bt+...—Zig (YiY2¥swv F 9), 
6Y1Y2Y3 = 4 
0 = z+... 


0 = 2,+...- 


Clearly R does not exceed P!*¢ times the number of solutions of 


(624—wz3)+...—(6z4,—w23,) = 0, 


9 
—2y, = 9, 


—24 = 0 
for a fixed w. By a trivial consequence of (4) we have 
11 
I [ WSpl!4 doy das day << Pie, 


vdd 


00 
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and hence R < P™+«, Thus, 


1111 


| | | | \C,|2? day...da, << P+, (24) 


0000 
Using the same method, but appealing to (20), (21), (22) instead 
of to (4), we obtain successively 
243% 


| | | | |C,|8° day...da, << P2+, (25) 
0000 
11 


(ff J | |C,|98 day...day << P%*+«, (26) 
000 
11 


1 1 
I ii |C,|48 da,...da, < P+, (27) 
0 0 00 
This last is B(4). 
From now onwards we use the abbreviation 


[ fda for fo | flow +) Xy) Aay...da,,. 
11. Proof of A(5). By ‘ine 1 we have 
: : =? ae ‘ 
|S; |4 < P?4+P > pt ag e27ivi2d Ors) 
"i V2 Ls 
where g(x) = a; x°+ a3 23+, %*-+-a,x. Multiplying by |S,|!° and inte- 
grating, we have, by (4), 
fi S,|14 da < P8+*4 PR, 
where R denotes the number of solutions of 
Yr Yn A*x3 = Zi+..—2ho (Yi ¥2A*x3 A 0), 
Yi Y2W = 2+...—2iy (Yi y2w 9), 
241 Y2 = A+.-.—2Ho» 
0 =. 2,-+...— Zp. 
For a fixed w the number of solutions of 
(2z8—wz?)+-...—(223,—wz?,) = 
Z +... — 249 
- P&+*, by A(3). Hence R < P*+*, and 
| \S5|44 da < P8+, 
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By Lemma | we have 


< P74 Pt > s >») + ig e27tViV2YsA°g(ra) 


V2 Ys U% 


Multiplying by |S,|!4 and integrating, we have, by (28), 
| |S, |22? da << Pi5+«4 P4R, 


where R denotes the number of solutions of 
Yr Y2y3°x3 = Bt..—2a (YrY2¥sA°x§ A 0), 
6Y1 Y¥2¥3 = At+.-.—Zis 
0 = 2?+...—23,, 
O = 2+.-..—2qq- 
Clearly, R< al |C,|14 da < Pute 
by a trivial consequence of B(2). Hence 


[ 1Ss[8@ da < Piste, 


By Lemma | we have 


| ee A x 


|S, |26 ss Puy Pil 3 s s 22 y* 7YV2V3V 4A “g(s), 


Ww V2 Vs Vs Ds 
Multiplying by |S;|?? and integrating, we obtain 


J 1S, (38 da << P+e4 PUR, 
where it is easily seen that 
R < al | 1C,|22 da < Pis+« 
by a trivial consequence of B(3). Thus 
[28 da < Pare, 
Repeating this process we obtain 


f S.|8HO dy < P+IBAre (X — 0, 1, 2, 3). 


The case A = 3 is A(5). 
Proof of B(5). By Lemma 1 we have 
P P P 


|C;|8 Zs PIL PAS SS S* e27iniveysd* (x5sri+agrt+.. ), 


Yi Us Vs % 
Multiplying this by |C;|}* and integrating, we have, by (8), 


fle. dx < P'3+«4 PAR; 
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and it is easily seen that 
R< aie | \S,/22 da << Pee 


by a trivial consequence of (4). Hence 
|C; | da << Pte, 
Repeating the argument, but appealing to (20), (21), (22) instead of 
to (4), we obtain 
[ |C,|20+8 da << Piste () = 1, 2, 3). (31) 
Using Lenin 1 with » = 4, and appealing to (30), we obtain 
| |C,|44+16 da << P+BA+e () = 1, 2, 3, 4, 5). (32) 
The case A = 5 is B(5). 
2.13. Proof of A(6). Using Lemma 1 with » = 3, and the results 
in the proof of A(4), we obtain 
| |Se|22+8 da << PB+A+e (\ = 1, 2, 3, 4). (33) 
Using Lemma 1 with » = 4, and B(3), we obtain 
[ |S,|8° da < Pare, (34) 


oy 


Using Lemma 1 with » = 5, and the results in the proof of B(4), 
we obtain 
J |S, [90+ da << Ps+s+e (\ = 1, 2, 3, 4, 5). (35) 
The case A = 5 is A(6). 
2.14. Proof of B(6). Here we depart from the procedure of starting 
with (8), but start instead with 


[ 1C.P# da < Pre, 


which is an evident consequence of (8). Using Lemma 1 with p = 3, 
and the results in the proof of A(4), we obtain 


| [Cy [26+ da << PHA+e (A =1, 2, 3). (36) 

By Lemma 1 with » = 4, and the results in the proof of A(5), 
| |C, [40+ day << PI+A+e (\ — 1, 2, 3, 4, 5). (37) 

By Lemma 1 with » = 5, and the results in the proof of A(6), 
| |C|120+82 dy << Ps+3+e (\ = 1, 2, 3, 4, 5, 6). (38) 
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2.15. Proof of A(7). As an evident consequence of (4), we have 
[ isis da << P%, 
By Lemma 1 with » = 3, and the results in the proof of A(4), we 
have rome) + : 
| |S, [6+ da << Perm+e (A = 1, 2, 3). (39) 
By Lemma | with » = 4, and the results in the proof of A(5), 
[ |S,|H1% da < Pwrw+< () —1, 2, 3, 4, 5). (40) 
By Lemma 1 with p = 5, and (27), 
[ |S, [08% da < prsere (41) 
By Lemma | with » = 6, and the results in the proof of B(5), 
| |S, |152+60 dy < P1s6+6%+e (\ —], 2, 3, 4, 5, 6). 
2.16. Proof of B(7). As an evident consequence of (8), we have 
| 10. |24 da < Pls+e. 
As in the proof of A(7), we obtain 
[ C, 2448\ dy < Pl6+7A+e (A=1,; 
[ CL [40416 dy << PI+HBA+e (\ —], § 


( (C1, |120+32A Jy << P5+3IA+€ (X= ] 


’ 


[ IC, 312+64A (Jy < P291+63A+€ (A = 1, 2, 3, 4, 5, 6, 7). (46) 
2.17. Proof of A(8). As an evident consequence of (4), we have 
[ Spl? da < Prs+e, 
We have then 


( |S, |24+8 da << P's+7A+« 


( SQ, |40+16A dy << P30+15A+€ 
81 ’ > 


rh 11204+32A JZ Pl05+31A+e 
[Sg | aa a | 


’ 


| |S, |376 da << P354+e, 


= 


| |S, |378+128A day << P354+127A+€ 
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2.18. Proof of B(8). We have 


i) Cope dx < pee (A mand 1, 2, 3, 4, 5, 6), 
| |C, [443 da < persr+e (A = 1, 2, 3, 4, 5, 6), 
| |Ciq|398+84A dy << P285+63A+¢ 
J | Ci, |754+128A da < P726+127A+€ 
2.19. Proof of A(9). We have 
i |S, [28416 day << P9+15A+€ 
[ |Sy|214+32A dy << P99+3U+ 
( |S |308+84A dy < P285+63A+ 
[ |Sp|882 da << P853+e, 
[ |S, |882+256A da < P853+255A+¢ (A =. 4 
2.20. Proof of B(9). We have 
[ Cy |20+18 day << PWH1A+< 
[ [Cy |290+82° dar < Pas+sidre 
| ici +64A dx < P271+63A+€ 
| [Cy |740+228 da << P712+127A+< 
! J 2 = 
[ |Cy |2764+256A dy << P1738+255A+« 


2.21. Proof of A(10). We have 
| |Syq|20+26 dx << Pw+15A+« 
i | 
| |S4o|20°+82 da < P85+31+« 
| 1Sq|292+844 da, < P271+63+€ 
| [Syq [74042904 da < P712+127A+€ 


| |2020 ZA 1983+¢€ 
J Sho) da < Paw, 


| |Sq|2020+512A dy < P1988+511\+€ 
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2.22. Proof of B(10). As an evident consequence of (8) we have 


| ICio|88 da << Pte, 
[ C49 /88H2 da < P27+15A+€ (A = 1,..., 4), 
( Cp [1024387 da << P87+31A+€ (A = 1...., 6), 


. [C49 |224+84A da < P273+63A +e (A = 1,..., 7), 


( |C4|742+2284 dx < p714+127A+e (A = ].,..., 8), 


[ Cig |2788+256A da << P1730+255\+€ (1 — 1,..., 9), 


[ Cg [40794512 da << Psors+51+e (\ — 1,..., 10). 


3. Applications 

In this section I would like to mention some of the possible 
applications of the theorem. 

1. Tarry’s problem. I hope to discuss this in a later paper. 

2. Waring’s problem. Let G(k) be the least integer s such that 

N = 2*k+...+2% 
is solvable in non-negative integers x,,..., x, for all sufficiently large 
positive integers NV. It was proved by Vinogradow that 
G(k) < 4klog k+-8k loglog k+-12k. 
If we introduce the result of this paper, and follow the same method 
as Vinogradow, we can obtain a result which is better than his for 
k < 15,000. 

3. Estimation of trigonometrical sums. An improvement upon some 
of the results} due to Vinogradow has been obtained; the details will 
be given elsewhere later. 

4. Simultaneous Waring’s problem. Let T' be the number of solu- 
tions of ght .tat—N, (h=1, 2,..., k), 
in positive integers. The result of this paper implies that 

T = O( Ps-thk+1)+e), 
provided that s has the value given in the table in the Introduction. 
The exact relation between 7’ and a multiple Fourier integral, and 
some theorems concerning congruences, will be given elsewhere later. 


+ The results in the papers cited in footnotes f and }{ on p. 161, and Bull. de 
lV’ Acad. des Sciences de 1U.R.S.S., 1938, 399-416. 











THE FUNCTIONAL EQUATION FOR EPSTEIN’S 
ZETA-FUNCTION 


By P. R. TAYLOR (Ozford) 
[Received 28 February 1940] 


1. Tue functional equation for a general zeta-function of Epstein’s 
type has been found by several methods. Epstein* himself used the 
theory of transformation of theta-functions, Mordellf has given a 
proof depending on Poisson’s summation formula, and a proof given 
by Potter{ depends on the theory of Bessel functions. An expression 
for an Epstein zeta-function of the form 

fis, A,B,C)= >" : 


mn=— 
as a rapidly convergent double series which plainly exhibits the 
functional equation has been given by Kober.§ In this paper I give 
a proof of the functional equation for f(s, A,B, C) in the special case 
when the quadratic form is positive-definite. The proof makes use 
of the functional equation for Riemann’s zeta-function, and certain 
simple properties of hypergeometric functions. I also prove Kober’s 


result by the same method. The proof can presumably be extended 
to cover those values of A, B, C which make the real part of the 
quadratic form positive-definite. By repeated application of the 
method the functional equation for any Epstein zeta-function can 
be found. 


2. We have 
1 
gia—1(] —z)t-1 T'(4a)P(46) 
, de = Ra, Rb > 0). (1 
| mepaa ” mn’ T{4(a+b)} (Ra, Rb > ) ( ) 


mx 
m2x+-n?(1—a)’ 


0 


The integral is evaluated by putting x’ = 


* P. Epstein, ‘Zur Theorie allgemeiner Zetafunktionen’: Math. Annalen 
56 (1903), 615-44, and Math. Annalen, 63 (1907), 205-16. 

+ L. J. Mordell, ‘The zeta-functions arising from quadratic forms, and their 
functional equations’: Quart. J. of Math. (Oxford), 1 (1930), 77-101. 

{t H.S. A. Potter, ‘Approximate equations for the Epstein zeta-function’: 
Proc. London Math. Soc. (2) 36 (1932), 501-15. 

§ H. Kober, ‘Transformationsformeln gewisser Besselscher Reihen, Bezie- 
hungen zu Zeta-Funktionen’, Math. Zeits. 39 (1934), 609-24. 

3695.11 N 
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Consider 


1 
1 gta—1(] — 7)i9-1] __ __ a PET 
} ( eeeesoes pet 


. dx. (2) 


fy 2a 4 -)3 2 -)Uia+b 
{m?a—mnyx!(1—a)t-+-n?(1—a) a+) 
If |y| < 2, we may expand the expression in brackets in powers of 
mnyx?(1—a)! 
m*x-+-n?(1—a)’ 
by the binomial theorem, and integrate term by term. This is 
justified by uniform convergence. Each coefficient of the series can 
be evaluated by (1), and the value of the integral is found to be 
P(Ja)P(30) 


1 LR. 1. 14,3 
mn’ V{3(a-+-b)} # (3a, $0; 3; ay’). (3) 


Making the substitution x’? = a#/(1—z) in (2), and putting b = s, 
a+b = z, the formula becomes 


0 


aie dx 
, (m?-+-mnyx+n?2? 2 (m2 — ; 2y2)\h2 
yx+-n*x?)t® — (m*?—mnyx-+n*x*) 


« 
0 


pa I'{4(z—s)}T'(4s) FA 
— © U2 


mT) (2—8), 38333 2y"}. (4) 


The integral is absolutely convergent for all values of s, z, y such 
that Rs > 0, R(z—s) > 0 and y?/4 is not real and greater than 1. 
Also the integrand is of bounded variation and continuous in any 
interval of values of x. Hence Mellin’s inversion formula holds. 
If we regard z as fixed, this is 
] ] 


on 
(m?+-mnyx+-n*x")* ? (m?—mnyx + n*x*)** 
c+ia rs , 
] 1 {1(z—s)T'(48 
= [ oma La ; ih Ce ) FA(e—8), 48; 4; dy*}a-* ds 
mi-*n® (32) oe 
sla (c, Rz—c > 0). (5) 


2710 


When c, Rz—c > 1, we can sum for m and n from 1 to 00, and invert 
the order of integration and summation, provided that all the in- 
tegrals with which we deal are absolutely convergent. The following 
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lemma shows that this is so, and it also justifies every translation 
of the line of integration which is used later. 


Lemma. If y is real, 0 < y < 2, and Rb, > 0, as |t| > 00, then 
. “4). 1. = J - y 
F{May+it), 3(bp—it); 3; 4y} = O{|ti4exp] if tan elt (6) 


This is a particular case of a result due to Watson.* Since Watson’s 
analysis is very complicated, and leads to results which are more 
than sufficient for our purpose, it seems convenient to insert a simple 
proof of a blunter result. 

In (2), put y= iA, where A is real, and put m=n=1. If 
1+idAvt(1—a)? = re“, then 

[{1-+- iAat(1—a)Heott| = 1%, 

Now it is easily seen that, with a fixed A, |@| attains its maximum 
value in the interval (0,1) when 2 = } and that this value is 
tan-!}A|. Hence, putting a = a,+it, b = b,+7t, making |t| > 00, 
and using the asymptotic formula for the ['-function, we find 


F(a, 36; ; —P2) = O((t|4exp[ttan4A[]) (Ray, Rby > 0). 


Using the formula 


F(a,b;e;x) = (1—2)-*F(c—a, bse; =}. 


xz—l1 


we get 
y , . * A2 lg! 
F{i(a,—it)s MOo+it) be , = O((t|4expf|ttan Ja[)), 


if Ray is sufficiently small, and (6) follows, with this restriction on 
Ray, by putting A?/(4+A?) = }y*. The general result follows by 
observing that 


a{ F(a+1,b;c;2)—F(a,b;c;x)} = b{ F(a, b+-1;¢;x)—F(a,b;c;x)}. 
This shows that, if (6) holds for a, it also holds for a)+2. 


a n-¥T(4s)E(8) = £8), 
and re) >" : = €,,y(8), 


m*+-mnyx +-nx*)'s 


m,n 


where >” denotes a summation for values of m and n from —oo to 00, 


* G. N. Watson, Cambridge Phil. Trans. 22 (1918), 277-308. 
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missing out zero values. Then, ourmming (5) for values of m and n 
from 1 to 00, we its 


. [ &(s)é(e—s)F{ds, H(2—s); 4 4y%}e-*ds (c, Rze—c > 1). 
aT7rt 


=e (7) 
Move the contour to Rs = c’, where 0 < c’ <1. We pass the pole 
of €(s) at s = 1 with residue 

a1€(2—1)F (2, Me—1)3 45 dy} = 2 —Iy?)#PE(e—1). 
This process enables us to continue (7) to all values of z such that 
Rz—c’ >1. Provided that Rz is now made small enough, the line 
of integration may be moved to the right to pass over the pole at 
8 = z—1 with residue 
—a-#-(1 — Jy2)-He-DE(2— 1), 
Hence, if 0 < c’ < 1,0 < Rze—c’ <l, 
F2y(2)— (a? +a )(1— fy?) HG (z—1) 


c’ +ia 


(2) — 





= sj | HOOF {hs Me—9)s bi dyteds. 8) 
Using the functional equation 
&(s) = &(1—s) 
for both €-functions, and the formula 
F(a,b;c;2) = (l—x)*-*F(c—a, c—b;¢; x), 

we find that the integrand in (8) is unaltered in form when z is 
replaced by 2—z and c’ by 1—c’. We infer that 
E,,(2)—{a-1 +a} 1 —fy*) 4 DE (z— 1) 

= a1(1— Jy?) E44 (2—2)—(v ta™*)(1—Jy*) (1-2). 
Transposing the last two terms on each side and noting that 

Ea-ty(%) = 2°€,,y(2), 
we find that 
a *T'(s)f(8, 1, cy, x*) = {x?9(1—}y?)}# 2! “T'(1—s) f(1—s, 1, xy, x”), 


the functional equation. 
Watson’s result enables us to prove the functional equation for 
f(s, A, B,C) by this method when A, B, C have certain complex 


values. 
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3. In (7) move the contour to Rs = c’, where c’ < 0. We get 
£,y(2)—€(2—1)a-"(1— fy*)!- ¥ + &(z) 


| &(s)€(z—s) F{4s, 3(z—s8); 4; }y*}2-* ds (c’ < 0, Rz—c’ > 1). 

c’—ia (9) 

If f(z) denotes either side of this equation, we see that for any value 

of z, c’ can always be chosen to satisfy the conditions imposed on 
it, so that f(z) is an integral function of z. 

Using the functional equation for the first £-function, and the 

formula 


F(a,b;¢;2) = (1-2) °F (e—a, bse; “ah 
a—l1 


(9) becomes 


(1 oan }y?)-1e-8)y-8 ds, 


i.e., putting c” = 1—c’, so that c” > 1, Rz+c” > 2, 
c’+ia@ 
| £(s)(e—1+8) x 


c’”—ia 


x FI 8, 3(z—1+8);4 ri oh (1—}y?) )-He-1+8)y8-1 ds. 


Writing é(s) = w-#T'(4s)f(s), and > ta both the ¢-functions as 
Dirichlet series, we get 
ce" +io 


LA (xwmn)-*2-#@-Yn-@-YT'(48) {3 (z—1+-8)} x 


271 
c”—io 


x Fle M(z—1+8); 4 


mn=1 


——a (1—}y? = i(z—-1+8)y8-1 dg. (10) 


The evaluation of this expression obviously turns on the evaluation 
of the integral 


ps [ PasPGs+o) Fs, de+034; —)X~* ds (c, c+2Rv > 1). 


a7 


. 


c—io (11) 
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If |Y| < 2, this integral is 


c+io 
a a 1 fn 
>S sj | Paste st+e+ 
k=0 am 4 


c—in 


-> as 


c—io 


= 4X"K,(2X)cos(XY), 
in the usual Bessel-function notation.* 
Putting in this value for the integrals in (10), we get Kober’s result 


fle) = 4a-Mae(1— Jy?) 10 x 


S (“ee sil (rn ( anni 9") 
4(1—z) “ ; 
: 4 


— n 
mn=1 


* See, e.g., Titchmarsh, Theory of Fourier Integrals (Oxford, 1937), § 7.9 (12 











RATIO TESTS FOR DOUBLE POWER SERIES 
By P. J. DANIELL (Sheffield) 
[Received 28 March 1940] 


GIvEN a double power series of non-negative terms 


z C, x8y! (x, Y, Cyt > 0) 
the problem is to determine the region R of correlated variables 
(x, y) such that the series is convergent if (x,y) belongs to R and 
divergent when it belongs neither to R nor to its boundary. A 
formula has been given by Lemaire* which is that for a fixed value 
of k = y/x the series is convergent for x < r,, divergent for x > 1, if 


1 _ im nl(c,,M) (n = 8+). 
ry , 
In the first place we shall obtain a general test (Theorem 3) of the 
same type though expressed differently. This defines R as the set 


of (x,y) (x, y > 0) such that for all p (0 < p <1; g = 1—p) 
plogx+qlogy+f(p) < 9. 


The function f(p) is called the envelope function and R is the region 
bounded in a certain sense by the ‘envelope’ of the family of curves . 


plogx+qlogy+f(p) = 0. 
The series will be divergent when (x, y) is such that for at least one p 


plogx+qlogy+f(p) > 0. 
This paper does not consider convergence on the boundary of R. 

It is clear that, if (7,y) belongs to R, so also must (2’,y’) if 
0<2a’ <2,0<y' <y. We shall also show that R is an open set. 

Various tests are developed and finally (Test E) it is shown that 
under certain conditions 

f(p) = lim p log(c, ,44/¢,1)+-lim q log (¢,441/¢s,4), 
where n= s+t¢ and s/n tends to p as mn increases indefinitely. 
Throughout the paper it is to be understood that n = s+t, that 
p+q=1, and thatO <p<l. 

Although the theory applies to power series it can of course be 
made applicable to any double series of non-negative terms by 
putting a7 =y=1. 

* Lemaire, Bull. des Sci. Math. 20 (1896), 286; Bromwich, Infinite Series 
(1908), 504. 
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Though attention is confined to double series, all tests can be 
extended immediately to series of any bounded multiplicity. 


Lemma. The double series of non-negative terms > a,, is 


(i) convergent if lim'N(a,,) <1; (ii) divergent if lim'V(a,,) > 1. 
n n 


The upper limit used here is not Pringsheim’s double upper limit 
with regard to both s and ¢ but is the limit, as n, increases indefinitely, 
of the upper bound of terms of the double sequence for all s, ¢ such 
that s+-t >n,. In other words, 

lim 4(s, t) = lim M, 
n n 


n? 


where VM, is the maximum value of ¢(s,t) for each given n = s+. 
Proof. In case (i) let the upper limit be p (< 1) and let r = $(1+p). 
Then r <1 and a,, <r” when n = s+t >n,. Therefore, 


a4 < > (n+1)r” 
n 


8t+tran, Mm 


is convergent. 

In case (ii) it is possible to find an unending sequence of terms for 
which a,,; > 1 and the series must be divergent. 

For our purposes it is necessary to analyse this lemma in more 
detail. 


DerriTion 1. When 0 < p <1, define 


: ] 

a(p)= lim max {-—loga,,}, 
= © n>n, \% : 
€=0 |s/n—p|<e 


A(p’,p") = lim(“oga, ) (np’ << s < np”). 
n \n : 


The term ‘max’ is used here to denote the upper bound. 

We note that «(p) is the limit of a monotone double sequence and 
therefore it is also the repeated limit as « tends to 0 of the limit as 
n, tends to infinity. In other words, if p belongs to each of a sequence 
of intervals (p’,p”), where p”—p’ tends to 0, then a(p) is the limit 
of A(p’,p”). If p 40, 1 we take p’ << p< p”. If p=0 we must 
take p’ = 0 while, if p = 1, we take p” = 1. 

THEorEM 1. Jn the closed interval (0,1), a(p) attains its upper 


bound which is 1 
A(0,1) = lim(t log a, } 
nn (1) . 
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Proof. lfa<b<e, 
A(a,c) = max[A(a, b), A(b,c)]. 
Subdivide the interval (0, 1) into 2, 4,..., 2”,... sub-intervals and choose 
them successively inside one another so that for each in turn 
A(p’, p") = A(0, 1). 
The intervals define a point p, contained in all of them. For all 
these intervals A(p’,p”) = A(0,1) and therefore in the limit 
a(p,) = A(0, 1). 

Also, if p is any point and if (p’,p”) contains p, 

A(p’,p") < A(0, 1) = a(p,). 
Therefore, in the limit, a(p) < a(p,). 


The theorem is proved and we can now express our lemma in a 
different form. 


THEOREM 2. The double series of non-negative terms > a,, is 
(i) convergent if a(p) < 0 for all p (0 < p <1); 
(ii) divergent if a(p) > 0 for some p, 
where a(p) is given by definition 1, namely 
a(p) = lim max (; log.) 
3 wae” 
We now apply this to power series. 
THEOREM 3. The double power series 
DeseY (Cop > 0, & > 0, y > 0) 
(i) convergent at (x,y) if for all p (0 < p <1) 
plogx+qlogy+f(p) < 9; 
(ii) divergent at (x,y) if for some p (0 < p <1) 
plogx+qlogy+f(p) > 9, 


where S(p) = lim max ( log) 


N, = © >nmN 
€=0 |s/n—pi<e 


Dp. 
Proof. Put dy = C4X*Y 


] 8 t 1 
= oe Os a ne : 
= 08 Ms. “ ogr+— ogyt+— OF Cy 
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If C(p’,p”) is defined for c,, as A(p’,p”) is defined for a,,, then 


|A(p’, p")—p’ logx—q’ log y—C(p’, p”)| < (p"—p’)[ |log x|+ [log y|]. 
Proceeding to upper bounds and then to limits we obtain 
a(p) = plogx+qlogy+f(p). 
Hence the theorem is a corollary of Theorem 2. 

Dertnition 2. Let f(p) be defined as in Theorem 3. We call this 
function the envelope function. The set of points (x,y) for which 
condition (i) of Theorem 3 is satisfied and for which x > 0, y > 0 
is called the region R corresponding to f(p) or the open domain of 
convergence. 

If (2,,y,) belongs to R, since a(p) attains its upper bound, there 
must exist a positive 6 such that for all p, 

plogx,+qlogy,+f(p) < —28. 
Choose a circle with centre (x,,¥,) of such a radius that for every 
point within it 
llogala4| <8, _flogy/ys| <8. 
Then for all p 
plogz+qlogy+f(p) < —28+(p+9)8 < —8 < 0. 
Hence (x,y) also belongs to R. In other words, R# is an open set. 

Degenerate case. If there is some value of p for which f(p) = ©, 
then R reduces to the null set and the series is divergent if x > 0, 
y> 0. 

Special case A. This is a case which is by no means degenerate 
but in which the region RF is particularly simple. 

If, for all s,t, 

(C5,1)" < (Cn,0)*(Co,n)! (n — s+t), 
then the region R of convergence consists of the points (#,y) such 
that 0< a2 <a,0<y <b where a, b are the radii of convergence 
of the single series 
> Cyngor”, > Con y”, 
respectively. In particular, if c, 9 = Co, =1, ¢,, <1, then R is the 
open square 0< a#<10<y<l. 
Proof. Let NCn 9 = Op, Veon = B,- 


Then lima, =I1/a, _limB,, = 1/b. 
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Case (i). If0 <4 <a,0<y <b, choose 
(+4), Y= y+) 

so that x << a4, <a,y<y, <b. Then 
c,.0°y! S (a, «)*(B,, yy. 

But we can choose n, so that, ifn > n,, a, < 1/x,, 8, < 1/y,. Hence 
c, ay? < (x/x,)8(y/ys)', 

and the power series converges like a double geometric series. 


Case (ii). If x >a or y>b6 (or both), let us suppose that the 
former is true. Then 


> Cry? > > CygX™ 
which is divergent. 
In terms of Theorem 3 this is the case where 
f(0) = —logb, = f(l) = —loga, — f(p) < —(ploga+qlog). 
The region R is that bounded by the lines 
plogx/a+qlogy/b = 0 (0< p<). 
Test B. If for all rational p (0 < p <1), 
oe 
lim = loge.s = fil?) 
s=pn 


exists, and if the convergence is uniform with respect to p, then the 
envelope function f(p) is the upper limiting function of f,(p), that is, 


f(p) =f,\(p) = lim max f,(p’) (p’ rational). 
€=0 |p—p’'|<e 


Proof. By hypothesis, given any 6 > 0 we can find n, so that for 
all rational p’, if s = p’n, n > Np, 


1 ‘ 
108 ¢s—ilP <8 


Now, if for two sets of quantities a(x), b(«), |a(a)—b(«)| < 8, then 
by considering two inequalities, 


|max a(«)—max b(«)| < 8. 
Therefore, in our case, if n, > mz, for all p, «, 


max (71080, )-,, max f,(p’ <6. 


n>nN —p’|<e 
|p—s/n|<e 
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Taking the double monotone limits as n, increases indefinitely, 
« tends to 0, we see that 
If~)—filp)| <8 
This is true for all positive 5, so that 


S(p) : = f,(p) 
and the theorem is proved. 

This test is more of a stepping-stone than useful in itself. On the 
one hand it uses only rational values of p, and on the other hand 
values for different p are completely independent. 

Test C. If y(€, n) is so defined for all non-negative €, 7 whose sum 
is an integer n that c,, = y(s,t) and if 


lim liog y(pn, qn) = f,(p), 
n= ot 


the convergence being uniform with respect to p, then the envelope 
function is f(p), the upper limiting function of f,(p), that is, 

S(p) = fil). 
In particular, if for each value of n = €+-», y(€,) is a continuous 
function of €, then f,(p) is continuous and f(p) = f,(p). 

The proof is exactly as for test B and we have avoided the restric- 
tion to rational p. The particular result follows from the well-known 
property of the limit of a uniformly convergent sequence of con- 
tinuous functions. 

Test D. (Total ratio test.) If y(&,y) is so defined for all non- 
negative €, 7 whose sum is an integer n that c,, = y(s,t) and that 
it is continuous for each fixed n, and if 


lim 1 [log y(np+p, nq-+-¢q)—log y(np, nq)| = f(p), 


the convergence being uniform with respect to p, then the envelope 
function is f(p). 
Proof. By hypothesis, given 5 > 0 we can choose n, so that, if 
n>MN, 
llog y(np+-p, ng+q) —log y(np, nq)—f(p)| < 
Therefore, by successive additions, 


log y(np, nq) —log y(n, p, ny g)—(n—n,)f(p)| 
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Since y(n, p,n,q) is continuous in p, its modulus has an upper 
bound, say @,. Similarly, |f(p)| has an upper bound, say a. Then 


< 38+ (a,+, 4,)/n. 





“log y(np, nq) —fl) 





Put A = a,+n,a, and choose 
NM, = max(n,, 24/8). 


Then, if n > ng, “log y(np, nq)—f(v)| <6. 
| 





This proves the theorem by test C and its particular case. 


Derrnition 3. We say that 
lim 4(s, t) = f(p) 


with interlocked uniform convergence with respect to p if given any 
5 > 0 we can find n, independent of p such that 

|\P(s,t)—f(p)| < 8, 
provided that n = s+t > m, |s—pn| <1. 

Given such interlocked uniform convergence, define y(€, 7) to be 
equal to 4(€, n) at points s, t of the integral lattice, while along each 
diagonal line + = n (n integral and constant) let % be linearly 
interpolated between lattice points. Then, for each n, ys is continuous. 

Also, if s = [pn], the greatest integer less than or equal to pn, 
u&(pn,gn) lies between y(s,t) and (s+1,t—1), where ¢ = n—s. 
Hence, by the interlocking condition, ¥(pn,qn) tends to f(p) uni- 
formly and f(p) is continuous. This definition allows us to obtain 
two immediate corollaries of tests B and D. 


Test B’. If lim= log ey, = f(p) 
with interlocked uniform convergence, then the envelope function 
is f(p) and this is now continuous. 
Test D’. If, when s, ¢ are integral, 
$(8, t) — log ¢, , 


if along each diagonal + = constant (n), 4(€, 7) is linearly inter- 
polated between lattice points, and if 


lim [¢(np +p, ng+q)—$(np, nq] = f(p) 


uniformly with respect to p, then f(p) is the envelope function. 
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Test E. (Partial ratio test.) If c,, > 0 for all s, t, and if 
lim plog(cy.1/¢s:) = 9(P), Tim qlog(¢gs1/¢e,) = Wp) 


n= 
each with interlocked uniform convergence, then 
S(p) = 9(p)+h(p) 
is the envelope function and the region R of convergence of the 
double power series > c, ,a*y! (x > 0, y > 0) is the set R of points 
(x,y) such that for all p (0 << p <1, ¢q = 1—p) 
plogx+q log y+f(p) < 0 
Proof. Define 4(€,) by linear interpolation of loge,, as in test 


D’. Let A(é, 7) = o(€+p, n+q)— d(€, n). 


Then 
Ay = A(s,t) = o(s+-p,t-+q)—#(s,t) 
=  o(s+-1, t)—(s, t)]+-9[4(s, ¢+1)—d(s, t)], 


= pl d(s+2, t—1)—¢(s+ ] »t— ] )|+4[¢(s-+1, t)—¢(s+ 1, t—1)], 


p[ $(s+1,t)—4(s, t)]+-9[¢(s+ 1, t)—4(s+1,t—1)]. 


Let A,, Az, Az be the points (s,¢), (s+-1,t—1), (s+q,t—q). Then 
Ay A,, Ag are the i increases of 4(€, 7) from A,, A,, A, on the diagonal 
é+7 = n to their oblique parallel projections on the next diagonal 


I 
3 
— 


n-+-1, the projecting lines having the direction ratios p: q. 

Let s =[ pn], the integral part of pn. Then the points P = (pn, qn), 
A, both lie on the diagonal segment A, A,. In each of the segments 
A, As, Az Ao, A(é, 7) varies linearly. If P lies on A, Az, A(pn,qn) has 
a value between A, and A. If P lies on A; Ay, A(pn, qn) lies between 
A, and A,. Now, by the hypothesis of uniform interlocked con- 
vergence, given 5 > 0 we can find n, so that, ifn > mp, 


|A,—f(p)| < 8, |A,—f(p)| < 4, |As—f(p)| < 6. 
Hence 
|A(pn, qn) —f(p)| = |b(pn+-p, gn+q)—d(pn, gn)—f(p)| < 8. 


Thus the conditions of test D’ are satisfied and the theorem is proved. 
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Illustrations. 


(i) 5 x2myim — (1—gtyB)-1 (a, B > 0). 


m=0 
Unless « = 8 = 1, none of the special tests are applicable, but, if we 
use Theorem 3, f(p) = —oo except when p = a/(a+f) and then 
f(p) = 0. The region R of convergence is the set of points (2, y) for 
which alogz+flogy < 0. 


5 s-+t\% 
(ii) > > xy’. 
8,t 
If « < 0, since oy > 1, the series falls into special case A and the 
8 

region R of convergence is the set for which 0< x <1,0<y<l. 

If « = 0, the series is 

> wy = (1—2)-(1—y)7 
If « = —1, the series is 
s!t! xty! 
wale =e (+a! 
Then, if0<¢r<10<y<l, 
(w++-y—ay)S = a(1—a)14+y(1—y)7+ays", 


s!t! 
S’ = xy. 
2 Gite’ 


This series is also convergent for 0 << « <1, 0 <y <1, and 
(x-+y—ay)S’ = log(1—ax)*+log(1—y)™. 





Thus 
" = : 
= *Y ___ log(1—x)-¥(1—y). 
(lL—2)(l—y)(e+y—ay)  (e+ry—ay)* 
If « > 0, the series does not fall into the special case A but it 
satisfies the partial ratio test. We have 


s+] 
Plog (Cy 41,1/¢s4) = —ap log n+l —> —aplogp. 


A 


If s = pn+8, then 


log p—log 2 —log = 


n+1 ~ pn-+-p 
= —log( 1+ 








wa) 
pn--p 
If |@] <1, this expression lies between —log{1+-2/(pn+-p)} and 
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—log{1—1/(n+-1)} and therefore between —2/p(n-+-1) and 2/(n+-1) 
(n > 2). Therefore, 
| log p— ee 2 |< 2 
\? °EP~E -n+1| ~n+1° 
We see that the factor p is necessary to preserve the uniformity of 
the interlocked convergence down to p= 0. Similar reasoning 
applies to the other ratio, and the envelope function is 
f(p) = 9(p)+h(p) = —o(p log p-+-q log q). 
The region R of convergence is given by the condition that, for all p, 
plog(x/p*)+-q log(y/q*) < 0. 
The envelope of the family of curves 
plog(xp~*)+qlog(yq-*) = 9 (p+q =1) 
is the curve gle4 yle — ], 
and it is seen that, if « > 0 and 2/*+y"/* <1, then the conditions 
for convergence are satisfied. On the other hand, if a < 0, it must 
be remembered that the curve x/*+-y"* = 1 has asymptotes which 
are parallel to the axes and pass through x = 1, y = 1. The region 
R is always bounded to the right and above by all possible curves 
of the family touching the envelope. Hence, when a < 0, as we have 
seen already, the region R of convergence is the square 0 < x <1, 
0<y<1. Whena > 0, this difficulty does not arise, and the series 
is convergent when ala ylle < J, 
When « = 1, the series is 
> ! 
> eo ay! = (l—ax—y)* ety <}). 


If « = 2 and if vz+~vy <1, the series is 


8= > [Sire 


eee | | 
=s5 > [ (eteyyn veto dz/z, 
27rd 
nm 


where y is the circle of unit radius with centre 0 in the complex 
plane. Hence, 


Pees c = 
Qn | 1—a—y—2,/(ay)cos 6 
0 


= [(\—2—ypp—ay4 
= [(l—va—~vy)(1—va-+ vy)(1+ va—vy)(1+va+vy)}-. 
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1. Introduction 

Tue fundamental theorems on fractional integrals and derivatives 
were given by Weyl and Hardy-Littlewood.* In the first part of this 
paper (§§ 2, 3) I shall extend some resuits, given by them on fractional 
integrals, over a wider range and shall prove some formulae on 
integration by parts for the infinite interval; the corresponding 
formula for the finite interval was given by Love and Young.t Of 
course the fundamental inequality{ on which the Hardy-Littlewood 
theory rests cannot be extended over a wider range, as they prove in 
their paper; but it can be split up into two inequalities which imply 
each other; and there is no great difficulty in extending each of them 
over a much wider range, and these formulae only are needed for the 
theory of fractional integration. 

I introduce a complex parameter 7 and deal with the operators 


Gal) = Tfaf = (T(z [ yey dt, (1.1) 
0 


hz (2) = Kzaf = {T(a)}29 | (t—z)*—1t-7-9f(t) dt, (1.2) 


Fpal2) = Tpaf = Clare f (t—2vyy dt, (1.3) 


> 
zc 


hi (2) = Kjaf = (T(a)} 2" [ ef) dt. (1.4) 


0 


* H. Weyl, Vierteljahrsschr. d. Naturf. Ges., Ziirich, 62 (1917), 296-302. 
G. H. Hardy and J. E. Littlewood, Proc. London Math. Soc. (2) 24 (1925), 
xxxvii-xli (referred to as HL. 1), Math. Zeits. 27 (1928), 565-606 (HL. 2); 
G. H. Hardy, Messenger of Math. 47 (1918), 145-50. 

+ Proc. London Math. Soc. (2) 44 (1938), 1-28; E. R. Love, Proc. London 
Math. Soc. (2) 44 (1938), 363-97. The formula for the infinite interval was 
suggested to me by Dr. A. Erdélyi. 

t G. H. Hardy, J. E. Littlewood, G. Pélya, Proc. London Math. Soc. (2) 25 
(1926), 265-82 (HLP. 1), and Theorems 3 and 6 of HL. 2 or Theorem 382 of 
Inequalities by Hardy-Littlewood-Pélya (Cambridge, 1934). 

3695.11 oO 
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The functions 27*°9;",(z) and 2~h7_,(z) are the ‘Riemann-Liouville 
integrals of order a’ of t7f(t) or t-"-°f(t) respectively with ‘origin 0’, 
while the functions z7**g,,(z) and z~-"h,_,(z) are the ‘Wey! integrals 
of order a’. 

By means of the parameter 7 we get both a simple form and a 
generalization of some well-known results. Among other properties 
we have 

| [I .f—f(z)|? dz > 0, |Kz,f—f(2) |? dz > 0 
0 0 
for fe L,(0,0), Ry) >—I/p’, Rl) > —1/p 
(l<p <0; 1/p+1/p’ = 1), 


when «0 while |arga| <@ < }z, as will be shown in another 
paper.* This form of the operators was suggested to me by A. Erdélyi, 
who discovered the importance of them for the Hankel transform; 
this application of the operators, the starting-point of the present 
paper, will be treated in a joint paper by Erdélyi and myself. 

Comparing my notation with that of Love-Young, we have 
formally 


f2(0,2) = (Pla)} f eH de = ars f-f}, (1.5) 
0 


ea) 


{P(a)}* | (¢—2)=-f(t) dt = 2-1Kz,.ft"*°fO}, (1.6) 


ny 
z 


and so, for instance, 
Ja (0,2) = 2° af = Tra att f(b}. 
Generally speaking, most of our results apply to f* when 
0<R(a)<a, fel, 


for 1< p< o only, not for p=1, and to fy for lm p<, 
0 < R(a) < 1/p, as a consequence of our dealing with the infinite 
interval. 

In this paper I shall also discuss fractional derivatives. The main 
tool that I shall employ is the Mellin transform.t I do not make 


* Cf. HL. 2, 582, and J. D. Tamarkin, Annals of Math. (2) 31 (1930), 
219-28, Theorem 1. 

+ Dr.A. Erdélyi, has suggested to me the application of the Mellin transform 
K,,,.. 88 Hankel transforms. 


to the operators J, ,, 
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any hypothesis of the nature of periodicity or almost periodicity, and 
I do not refer at all to the work of Hardy-Littlewood or Weyl and 
their much deeper theory which makes use of Lipschitz conditions. 
Corresponding to Weyl’s* definition, we define the differentiating 
operators 


fit) = 9 Ferg (0), (17) 
. n 
f(t) = = path Maal}, (1.8) 


fle) = 9 e099, ll}, (1.9) 


d( 
fi) = mae {th ,(t)} (1.10) 


by the property of f(t) of being the unique solution of (1.1), (1.2), (1.3), 
or (1.4) respectively, when such a solution exists. 
The requirement of a unique solution belonging to 


L, (0,0) (1< p<) 


by Theorem 7 gives a condition which is necessary in the case 
1 < p < 2; necessary and sufficient when p = 2; and sufficient but 
not necessary when 2 < p < ©. 

We shall use the following notations: L,,(a,b) (—o <a <b < o) 
denotes the space of all complex-valued functions f(t) whose pth 
power is integrable over (a,b), with the norm 


b | 1[p 
ity = ({ nen at) a 


L.,(a,6) denotes the space of all measurable functions f(t) which are 
essentially bounded in (a,b), with the norm 
\f\.o = essential upper bound |f(é)|. 
ants 
We take R(a) as positive and finite throughout this paper, and 
denote constants depending on the given parameters by the single 
symbol K. 


* Loe. cit., § 1. Of course this definition is narrower in some sense than that 
given by Hardy-Littlewood and generalized by Tamarkin. 





196 H. KOBER 


2. An inequality 
THEOREM 1. Let f(x) and d(x) be measurable over (0,00), let 
A+p+o = 2—1/p—1/r and R(c) < 1—1/p = 1/p’, then 


, ( dt ‘ . ; 

| dz (ee | < < K\f\,\¢|, (K = K(p,r,A,p,¢)) (2.1) 
0 0 

under the following alternative conditions:* 


(i) l<p<o, If/pt+li/r=1, —wo< RA) < 

(ii) p>1, r>1, beictnad >1, 1-lI/p< a 2—1/p—1/r; 

(iii) lx pro, l<gr<o, 1/p+1/r>1, —«o < R(A) << 1—1/p, 
and when p = 1 we can also take R(A) = 1—1/p = 0 

Plainly (2.1) has a meaning only when f € L,, ¢ ¢ L,. Without loss 
of generality we may suppose f(t) > 0, d(z) > 0 and A, p, o to be real. 

To prove 1 (i) we proceed by a method due to Hardy-Littlewood- 
Pélya, employing a well-known theorem,} due to them and to Schur, 
in a slightly generalized form. 

Lemma 1. Let 1 < p < o, let H(x, y) be homogeneous of degree —1, 
let H(x,1) and f(x) be measurable over (0,00), and let 


o 


K = K(H,p) = [ | (x, 1)|a-VP dx = | |H(1,y)|y- dy, 
( 0 


0 


then f H(t,2)f(t) dt) < K\f(z)|, (l<p<o), 


0 'p 


[ie2poldt = K\fely-. 
0 p=1 
Now, in consequence of Hélder’s inequality and its converse, 
(2.1) is equivalent to 


[ eos) <Xif@ (” =~")), (2.3) 


J) 2t%(z—t) r—l 
0 sf 


* We also note the alternative condition (iv): 1 < p < o,1/p+1/r >1, 
— 0 < R(A) < 1, |f(t)| is a decreasing function. The proof follows the lines 
of that given in Inequalities, p. 289. 

+ I. Schur, J. fiir Math. 140 (1911), 1-28; HLP. 1; Inequalities, Theorem 319, 
cf. Theorem 329. In Lemma I, f(x) may be complex-valued. We can also show 
that for 1 <p < worp=1 


| “ 
jer* | JH (=, | at < K|z'—*l?f(z)|, or = KlzYf(z)|, 
D 

respectively. ; 
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{ t-*z-e(z-t)* (0<t<2), 
| 0 (t > z) 


which is a homogeneous function of ¢ and z of degree —1, with the 
conditions of theorem 1 (i) and r’ = p, we immediately get (2.3) for 


nr A)T(1/p’—o) 
I'(1+1/p’—A—o) * 


Taking H(t,z) = 


1 
] p+l1/r =], K = | (1—t)-*t-e-1lp dt = 
0 


Now I shall prove 1 (ii), even when 0 < R(A) < 2—1/p—1/r. The 
case 0 < R(A) < 1/p is covered also by the better results of 1 (iii); 
the case* R(A) < 1, 1/p+1/r = 1 is covered by 1(i). We make use 
of the Hardy-Littlewood-Pélya inequality 


oOo x 


I L6G) OS < Klflelt (2.4) 


eee 


where 
fi) > 9, d¢(z) > 0, >t, p>, 1/p+1/r>1, 
p<lfr’, a<l/p’, 
pt+o> 0, A+p+o = 2—1/p—l/r. (2.41) 
Hence a fortiori (2.1) is true under the conditions (2. “a 
When we take 0 < 8 < 1, o, = 1/p’—AA, pp = 1/r’—A(1—8), then 
plainly 
Gy < 1/p’, A+tpotoy = 2—l1/p—l1/r, po<ijr’. (2.42) 
Now let p, 7, p, o satisfy the conditions of 1 (ii) and let 
0<A< 2—1/p—1/r, 
then o < o, when 3 is sufficiently small, and, in consequence of 
(2.42), we have 
P+o = pot 2%, Poto% = 9. (2.43) 
Therefore (2.1) holds when we replace p by po, o by ap, since p, 1, po, F 
satisfy (2.41). But this integral majorizes the (p,c) integral, for we 
have 0 <t < 2, tfoz% = tPz(tz-1)°-% > tPz, and so 1 (ii) is proved. 
When we interchange p, p, f, ¢ with o, r, ¢, z respectively, and add 
the result to (2.1), we see that Theorem 1 implies the Hardy- 
Littlewood-Pélya inequality. 


* Therefore we did not mention this case (vide HL. 2) in Theorem 1 (ii). 
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In proving 1 (iii) we may suppose p < 00, since p = oo makes 
r = 00, and this case is covered by 1 (i). Let 


t) dt 
V@q) =<? I\ : 
@) t°(z—t)- 
0 
then, by Hélder’s theorem, 
Viz) < {'(1—op’)'(1—Ap’)/T'(2—ap’—dAp')}”'|f\, = Kif\,, 
(2.6) 
when p > 1. When p = 1, we have o < 0,A < 0, 
~\o —A 
Vz)’ < ifnmax(?) (1—{) < Ifl.- (2.61) 
0<t<z = 
When 1?’ = © we immediately get (2.3). Now let 1 <p<r’ < o. 
— 


i {V(z }" dz = [ {alr Vy —pfzllr’—lp Y\p dz < (K\f\,) \'-? |W |Z, (2.7) 
y 
where = | f(t)z-t-9(z—t)~ dt, Pp: = pt+1/p—l1/r’, 
0 
and A+ p,+o = A+p+o+1/p—1/r’ = 1 = 2—1/p—I1/p’. Hence, 
taking r = p’, by 1(i) we have |W(z)|,, < K\f|,, and from (2.7) the 
result |V(z)|,,< K|f\|, easily follows for any r satisfying (iii). 
When p = 1 and A = 1—1/p = 0, we have o < 0, p+o = 1—1/r; 
then 


2urY (z) = 2° [ rr dt 


« 


and so |V(z)|, < |f|, for r = 1. When r >1, then 


( Vr dz 
0 : 
a (alle yyr- Ley de < [fit [deer fregya = |o|— ff, 
0 0 0 
and so |V |, < |o|""-1|f|,. Hence (2.3) is true. 
3. Some properties of the operators /, ,, K, , 
We have 
ost @ Rigel «=O pe = Sips ads 
Fal MY) = = Myles Kyal-YOY} = 2 pale, 
at J = ha eftef(O) 2*Ky, af = a -a, ad tf (t) )j 
at all points z for which either side of the equation exists. 
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The proofs of (3.1) and (3.3) are trivial, the proof of (3.2) is not 
difficult. Furthermore, we have 

THEOREM 2. Let f(t) belong to L,(0,00) and let R(Z) > —1/p’, 
R(n) > —1/p, then the functions gF_(z) = Iz, f, hya(2) = Kya exist 
almost everywhere in (0,00). Moreover, 

jelp—Mag? (2)lq < Klflp: . (3.4) 
ieMm—lah— (2)|, < K fly (K = K(p,¢,0,,0)) (3.5) 
under the following additional alternative hypotheses 
(i) l<po, g=PD; 
(ii) l<p<q<o, ar R(a) < 1/p; 
(iii) lo prcq<o, Ra)>I1/p; when p=1<q<co, 
R(a) > l/p= 1. 

The results 2(i) and 2(ii) on J, are in substance due to Hardy- 
Littlewood,* so is 2(i) for Ko... finee the corresponding results on 
I- and K* easily follow from those on K- and J+ by (3.1), we do not 
discuss J- or K+ further. 

In (2.3) we put A= l—a, o = —f, p= a+l—1/p+l/q, r=’, 
then plainly {['(a)}-1V(z) = zp-Nalt S, and the conditions (i), (ii), 
(iii) of Theorem : are respectively equivalent to (i), (ii), (iii) of 
Theorem 1; therefore the results on J ae are an immediate conse- 
quence of Theorem 1: the existence of J7, is now a consequence 
of (3.4). 

Putting = y—a and f(t) = t*4(t), we have R(n) > R(a)—1/p’, 

MMT Sg ft°(O)} = aio ares £4(0)} 
in consequence of (3.3), and therefore, by (3.4), , 
j2le-Nava Ty bla < K\t*P(t)|p (R(y) > R@)—1/p’) (3.41) 
under the alternative conditions (i), (ii), (iii) of Theorem 2; (3.41) is 
slightly more general than (3.4). Putting a = 1—2/p, we get 
2p’ Na TT Pig < KO $(t)|p (Rn) > —1/p). (3.42) 
Taking ¢(t) = t-14(t-") and using (3.2), for R(y) > —1/p, we have 
[uP UE a Plg = |e -MT blq < KP "$|, = Klply. 
We have thus proved (3.5) and, taking (t) = @f(t), € = n—b, the 
more general inequality 
[Zea KT flag < KCSO|p (RQ > —1/p—R(6)). (3.51) 
* HL. 2, Theorems 7-11, and Inequalities, Theorem 329. 
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I shall now give some formulae on fractional integration by parts 
and repeated fractional integration. 


THEOREM 3. Let a, b be any numbers such that a+-b = 1/qg—1/p and 
let t*f(t) € L,(0, 00), td(t) € L,,(0,00), then 
[ dz b(eltaf = [de fle)Kjad (R(n) > R(a)—1/p’), (3.61) 
0 


7) 


0 
| dz $(z)I;.f = | def) Ki.6 (R(y+a) > R(a)+1/p') (3.62) 
0 0 
under the following alternative conditions: 
< 0, q =D; 
< ©, 1/p—l1/¢ < R(a) < 1/p; 
R(a) >1/p; whenp=—=1l<q<xo, 
R(a) > l/p = 1. 
Proof. In consequence of Theorem 2 and (3.4), the function 


x(z) = |2Ve-Na+e| Ton, cot lf (t)|} belongs to L,(0, 00), and by 


1/p—l1/q+a = —), 


1P(z) | Leen, xan FO) } = |24(z)|x(z) € £,(0, 00), 


we may therefore interchange the integrations 


o iv) 2 
e 


dz $(z)I7 f= Fa [ a: g(z)z-7-% | (z—t)*—t"f(t) dt 


« 


0 0 0 


= [ a rift) [ @—1=2 1-2g(2) dz = [ dt f)Kia$. 
0 t 0 

Hence (3.61) is true. Taking a = yn = 0, z-“d(z) = 9(z), f(z) = g(z) = 0 
for z > c, where c is any positive number, then, in consequence of 
(1.5) and (1.6), using the Love-Young notation, 

¢ ¢ ¢ : 

[ o@fE@) de = | $M gah de = [ fOKealt9g(O} de = | fle) (2) de 
0 0 0 0 
when fe L,(0,c¢), p>, zo+la-llpg(z) € L,(0, ¢) 
and one of the conditions (i), (ii), (iii) is satisfied. This result is in 
some respects better and in some respects worse than Theorem C 
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of Love-Young: incidentally, it is easy to show that, for R(a«) > 1, 
the Love-Young equation holds for any p > 1, r > 1 when 
f(2) E L, (Cy, C2), g(z) € L,{cy, C2) (—oo < Cy < Cg < 00), 

and it is not difficult to give sets of sufficient conditions for negative 
values of R(«). 

From Theorem 3 and from (3.2) we get 

Lemma 2. Letl <p <oand R(n) > —1/p’, f(t)e L,, b(t) € L,,, 
then 


[Eee Oe Miad = f ne iad (3.63) 


and the corresponding equations are valid for Ky, Ip, Ky. when 
R(n) > —1/p or < 1/p—R(a) or < 1/p’—R(«) respectively. 

By using Theorem 3 to its full extent we can also get some more 
general conditions. 

The following theorem* concerns repeated fractional — 

THEOREM 4. Let R(A) > s R(u) > O, let f(t) , or t1-2Ipf(t) 
(l< p< o), then, for R(n) > —1/p’ or R(n) > ge. i gg 
Ty (Ly +Apt) fais Tpa+ps = P Ih Ayal Ipat) = aR ok (I7~ya) _ Fenlel) s 

(3.7) 

When R(n) > —1/p or > —1/p’, the corresponding equation holds for 
Gage 

7) ,% 


We have 


t 
Ty T y+ apt) = (z—t)-14t-A-¥ dt [ (¢—aye tna dx 


wl , 
ro f mse , (3.71) 


where 
PAT (u)(z—ayet 


4-142)“ A-# dt = 
t)A-l(t—a)e t+ dt Pa eee 


(3.72), 
the interchanging of the integrations being justified as in the proof 


* For the results on f+(0,z) and fz(z, 0) ef. Weyl, Love, Tamarkin, loc. cit., 
and E. Hille, Annals of Math. 40 (1939), 1-47; 4.4. 
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of Theorem 3, and so the first part of Theorem 4 follows from (3.4) 
and (3.42) when we take g = p; by similar reasoning we get 


Trap gal) = Lhasa: 
and the remaining assertions by interchanging A and wp. 
As an application of (3.7), take n to be an integer, 0 << R(A) < n, 
pe = n—A, and we easily get 


2—t)*"o 3 » __ #)\n—A-149+Aq+ 
T'(n) | (z t) lf if (t) dt = T'(n—d) | (z t) 147 97a ) dt, 


0 0 (3.73) 
and by the definition (1.7), writing g instead of g-",, 


A n 

21f(e) = Tye) = py gx | COMO a, 
0 
if the right-hand term of (3.73) is representable as the n-fold integral 
with origin 0 of a function ¢(z) such that z~"6(z) = f(z) ¢ L, or 
zi-*1P—nd(z) = z1-*lpf(z) € L, for some p >1 where R(n) > —1/p’ 
or R(n) > —1/p. This is the well-known solution of Abel’s integral 
equation. 


4. Mellin transforms 
Before dealing with fractional derivatives we have to discuss 
the Mellin transforms* of J, , and K, ,. 
It is well known that the Mellin transform f,(7) = ff exists and 
belongs to L,,.(— 00,00) when 1 < p < 2 and f(x) belongs to L,,(0,«), 
flr) = | flee dx (p =1), 


0 


N 
fi(r) = lim. [ 
IN 


N->o 


1 


f(x)as-! dx ( index 9’, ), (4.1) 


l< ps2 


* The theorems on Mellin transforms are an easy consequence (cf. E. C. 
Titchmarsh, The Theory of Functions (Oxford 1932), 443) of those on Fourier 
transforms (E. C. Titchmarsh, Proc. London Math. Soc. (2) 23 (1926), 279-89). 
Evidently (4.1) is equivalent to f;(7) = f x(y)e~i”" dy; where 

x(y) = f(e)exp(—y/p) € L,(— 2, 2), 
and (4.2) to g(y) = (27)-1 f $(r)e-”" dr, where 

9(y) = Hy)exp(—y/q’) € Le(—, 0). . 
Hence the operator fl is continuous for 1 < p < 2, but discontinuous for 
p > 2. For Hille-Tamarkin’s theorem vide Bull. American Math. Soc. 39 
(1933), 768-74. 
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where s = 1/p+ir. When ¢(r) belongs to L,(—00, 00) and 1 <q < 2, 
then the function 


gz | oredr (a= 2), 


S him. [see a ( (4.2) 


a7 N->o 


index q’, 
l<q<2 


. 


belongs to L,(0,00), and we shall denote it by ¢ = -'¢4. 

Now let us denote by Mt, (2 < p < 00) the set of ail functions f(z) 
which have a Mellin transform ¢(7) in the well-defined sense that 
they are representable in the form #A-1¢, where (7) € L,.(—o0, 0), 
1<p’ = p/(p—1) < 2. It is well known that M,, is a sub-space of 
L,,(0,00) and different from L,, and that, in consequence of Hille- 
Tamarkin’ s theorem, for 2< p< 


; index p’ 
= Lim. ade { 7th 4.11 
He) = Lam, | feertde (INNA). a 
When 2!-*Pf(xz) belongs to L,(0,00), then F(x) = x-1f(a-) also 


belongs to L,, and f,(r) = F, 1(—n), and so we confine ourselves to the 


case f(x) € L,, (0,00). 
THEOREM 5 (a). Let 1 <p < 2and fe L,(0, 00), then 
gi (7) = MIF f = V(g+1/p’—iz){P(g +04 1/p'’—t7)} f(r) 
(R(n) > —1/p'), (4.3) 
hy (r) = MUKsf = E(t /p+ir P(g t+a+ 1[p+ir)} f(r) 
(R(n) > —I/p). (4.4) 
THEorEM 5(b). Let 2< p< and let f(t)eM,, then I7,f and 


Ky .f also belong to M,, and (4.3) and (4.4) are also valid. 

Proof of 5(a). Let 1 <p < 2and1 <a< , and let f(x, a) = f(x) 
for lla << «<a, f(x) = 0 otherwise. Then 
[ a: 2-Up'+it] + {f(t,a)} = - : [ 1 a)t” dt fe Up’—n-a+ir(z—_$)a-1 dz 
eF » P'(a) 

0 0 t 

aiietl —ir) f aie 
t-lp'+trf(t) dt. 4.5 
(q-to+1p'— S(t) (4.5) 


ia 
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The interchanging of the integrations and so the existence of the 


left-hand integral is justified by absolute convergence, for 


os a ‘M9 
|” |z—Up’—y—a+47(z__4)%—1| a in I aa x)} T {R(n)+1/ |p’ I i _1Ip’ < Kt- Ap’. 
; P{R(y+a)+1/p’} 
Hence, by a well-known theorem on mean convergence, the left-hand 
side of (4.5) is equal to #7 {f(t,a)}; the right-hand side is equal to 
7) fA{ f(t, a)}, where 


w(7) = P(9+1/p’—iz)/T(n+a+1/p’—iz), 
and so HUT Sf (t,a)} = o(7) Mf {t, a}. 
Now |f()—/f(t,4)|, > 0 (a 00); since the operator #M is known to 
be continuous for 1 < p < 2 and the function w(r7) is bounded in 
(— 00,00), we have in L,,(—o0, 00) 
|o(7) Mf (t)—w(7) M(t, a) |, < K|\MLfO—f(t,4)}\p > 0. (4.8) 

Also 

| PA, (t) — fal; Slt, a) lp’ aa fe “ut —fi t, a) )} p ise 0, (4.9) 
since, by Theorem 2 (i), the operator It , is continuous in L,,.. There- 
fore we have SIs, f = co(7) Mf. (4’.3) 
Similarly we prove (4.4). 

Proof of 5(b). Let 2<p<o and let fe M,, then, by (4.2), 
f(x) =f(z;0) (p=) 

or f(x) = lim. f(z;N) (index p, p < «0, N >) 


when f,(7) € L,,,(—0, 00) is the Mellin transform of f(x) and when 


f(x;N) = oe i flr) y-Up-it dr. 


"y 
Hence 
2 N 
2—-N-% : 
GialeiN) = TpalfsN)} = A [ @—yseae | flrye-te-* dr. 
, 2aT(a) J ; 


_ N 


vt: d 1yn-lp-ir q 

z—t)*-lyn-Up-ir dt, 

rai | ) 
0 
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the interchanging of the integrations being justified by the absolute 
convergence of the latter heats integral, and 


+ r < P'(n+1/p’—tr) 
° N ad 1/p—ir 
Taal -i[ sie (i) Rot lp —o)f 
We denote the term in the brackets { } by ¢(r); then plainly 
$(7) € Ly(—0, 00). 

Hence #f-'¢ exists*, |g7.(z; N)—#1-"d|, > 0 (N > 00), and, from 
In.l%3 N)—Gy a2) lp = pk flt N)—fO}\p < KIStN)—fO|p > 0, 
we get g7,.(z) = Md, d = gy (7), and (4.3). Similarly we prove the 

second assertion of 5 (5). 

By the same argument, using the Hardy-Littlewood-Pélya-Schur 
theorem, we obtain the more general result. 

THEOREM 5. Let fe L, (0,0) (l <p < 2) or feM, (2< p<), 
let K(x,y) be homogeneous of degree —1 and K(1,y)y-"”' € L,(0, 0), 
then 





sa | K(t,y)f( iat} — [ K¢ (1, z)z yee’ +it dz Mf. 
0 0 


5. Fractional derivatives 

When, in the equation (1.1), g7,(z) is given and we seek a solution 
f(t) such that the right-hand side exists almost everywhere and is 
equal to g*+(z) almost everywhere in (0,00), we see that the definition 
(1.7) is narrower than the ordinary one for integer values of «. For 
instance, taking a = 1, g+(z)z”+* must be equal to an integral with 
lower limit zero almost everywhere in (0,00) in order that its deriva- 
tive may exist almost everywhere in accordance with our definition. 
First we prove the following 

Uniqueness THErorEM.t Let —0 <a< U < «, let g(x) be defined 
and finite almost everywhere in (a,U). If a function f(x) exists at all, 
defined in (a, U) so that 


)= | fore a—t)*-1 dt 


almost everywhere in (a, U), ii f(x) is uniquely determined in (a, U) 
except at a set of measure zero. 


* Cf. 4.2. 
+ This result was proved by Tamarkin, loc. cit., Theorem 4. Our proof is 


entirely different from his. 
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Without loss of generality we may take a = 0. We have only to 
show that, when the function 


= | # )\(a—t)*—1 dt (5.1) 


is defined in (0,U) and vanishes almost everywhere in (0, U), then 
so does ¢(x). Plainly ¢(x) e L,(0,A) for any positive A < U; for 
some B (A < B < U) the integral /(B) must exist in the Lebesgue 
sense and be finite, and so 
A A B 
[ |p(t)| dt < © [| \(B—t)19(t)| dt < C [ |(B—t)-14()| dt < a 
0 0 0 
where C = max{(B—A)!-®@, B1-%}. Now let A be fixed and put 
= Av,t = Az’. Then, in consequence of (5.1), 
( (v—2’)*-16(Ax’) dx’ 
0 
must exist and vanish almost everywhere for 0 < v < 1. Multiplying 
by (1—v)" (n = 0,1, 2,...) and integrating we get 
‘ “ 
: [ dv(1—v)”" [ (v—ax)*14(Ax) dx 
0 0 
fo d(Ax) dx fo )"(v—a)*-! dv 
0 
x 


Bas [ ¢{A(1—2)} dx [ t"(a—t)*1 dt 


0 0 


! 
alti "tac (1—ax)}a"+% dx. 
(n+ =a 


The interchanging of the election is justified since 


( i” (a—t)*O-1 dt << Ka™+®® and ¢{A(1—z)}a"+* € L,(0,1). 


1 
Hence [ ¢{A(1—x)}a™+* dz = 0 (n= 0,1,?2....); 

0 
therefore, by Lerch’s theorem, 7%¢{A(1—zx)} = 0(0 < x < 1), andso 
d(x) = 0 almost everywhere in (0,A) and iiniaeonaiadae in (0, U). 
This completes the proof. 
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From this theorem we immediately establish the uniqueness of the 
solution f of I; f= if it exists at all, and from this result we 
deduce the uniqueness of the solution f of K>,f = h by (3.2). 

Now let the fractional derivative f, defined by (1.7) or (1.8), satisfy 
the condition (i) that it belongs to L,(0,00) for some fixed p 
(l1<p<oo). We have* 

THEOREM 6(a). When g(z) has a fractional derivative of order a 
satisfying (i), then the same is true for any order B such that 

0 < R(B) < Ra). 

Proof. Let R(n) > —I1/p’, nes p? and let g(z) = I; f. Putting 

je a = Pe 8,a—p/ we have ¢(z) € L, in consequence of (3.4), and, by 
Tia = Ip pl t+p.0-ph) = = Ths Hence ¢ is the desired solu- 
ei e I abe = ¢. The same proof applies to the other operators. 

Let us denote by *H{”) the set of all functions g of the form 
g = I;.f (fe Ly, Rn) > ie 1 < p < &), and denote the corre- 
sponding sets belonging to the other operators by ~F{?}, —H{?}, + FP}. 
Plainly we have +#Y) c +B? when 0 < 8(8) < R(a), it is probably 
also true that +H) = —-FP) = -E®) = +FP) for na numbers 
n, Oo, p, « such that R(n) > —1/p’, R(P) > —I/p, R (p+a) < l/p, 
R(o+a) < 1/p’. This certainly is the case for p = 2 as we shall see 
by Theorem 7 (a); when p > 2 and (M,,, *H\”}) denotes the set of all 
functions of +#{?) which have a Mellin transform, then also, by 
Theorem 7 (c), (M,, +H{?)) = (M,, -FR) = 

THEOREM 6(b). Let 1 <p < 0, R(n) > —1/p’, then the set + Hi?) 
is dense everywhere in L,,(0, 00). 

By a well-known theorem} we have only to show that +e is 
complete with respect to L,,(0,00). Let ¢(x) € L,,, let 


{ $(x)g(x) dx = 0 (5.2) 
0 


for any g € +H{?), then we have to prove that ¢(x) = 0 in (0,00). Now 
g(x) has the form Jf (fe L,), therefore by Theorem (3.1), taking 
a = b= 0, we have 


[dx fee) K ud = 0 


* Cf. Weyl, loc. cit., Satz 1, HL. 2, §6, Tamarkin, Theorem 6. 
+ S. Banach, Théorie des opérations linéaires (Warszawa 1932), 74. The 
theorem is true also for the infinite interval. 
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for any f € i. even when p = 00; hence Kyau? = 0 in (0,00), and by 
the uniqueness theorem, ¢(x) = 0 almost everywhere. This completes 


the proof. 
The corresponding theorems hold for ~F), ~H{?}, and +FY}. 


6. THEOREM 7. (a) Let p= 2= >’; then necessary and sufficient 
conditions for the equation g(z) = I; ,f (R(n) > —1/p’) to have a 
solution f € L,(0,00) are that g(z) belongs to L,(0,00) and its Mellin 
transform g,(7) satisfies the condition 7%g,(r) € L,(—©0, 00). 

(6) When 1 < p < 2, the conditions g € L,(0,00) and 

7g,(r) € L,,(—00, 00) 

are necessary. 

(c) When 2 < p < ©, the conditions g(z) € M, and 

7“9,(7) € L,(—o, 00) 

are sufficient. 

The same result holds for the operator K;,, (R(n) > —1/p). 

Proof of 7(a). When f(t) € L., by (3.4) g(z) € L, also. Now let a 
and b be real and a 4 0, —1, —2,..., then 

lim | \(a+-ib+-ir) |e#!7+4! |7+4-5|4-4 = 2(r)t (7 > 400); 
therefore for some finite positive numbers C,, C, 
Oy(1+ |rl-4 < |P(a-+ib-+in) Jet! < O14 |r|) (—o <7 <o). 
Hence there are two positive finite constants, c, C, depending on 7 
and « only, such that 
e(1+ |r|)“ < [D(q-+1/p'—ix)/P(q-+-0-+1/p’—ir)| < C(1+ |r|) 
(6.1) 

for —o < 7 < o; hence from (4.3) we get 

filt)| > Cm lgu(r)(1+ |7|)*| > C|gy(z)e|, (6.2) 
and, since f,(7) €¢ L.(—0,00), the condition 7%g,(r) € L,(—00, 00) is 
necessary. 

Conversely, when g(z) belongs to L,(0,00) then g,(7) exists and 
belongs to L,(—0o, 00), and, since r%g,(7) also belongs to L,(—00, 0), 
the function f,(r) defined by (4.3) satisfies the inequality 
f(r) |2 dr <e-® [ |gy(r)(1+ |r|)*|? dr 


—@ 


<K f de {\gs(r)|?+|799x(7)!"} < 20; 
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therefore f,(r) € L,(—00,00), and the function f(t) = M-—f,(7) exists 
and belongs to L,(0,00); evidently I7,f is equal to g(z) almost 
everywhere. 

The same argument gives 7 (b); the condition is scarcely sufficient, 
since probably the function f,(7) defined by (4.3) is not necessarily 
the Mellin transform of a function f(t) € L,,(0,00). Nowlet2 <p < 0 
and g(z) € M.,, that is to say, g(z) has a Mellin transform 


Pp? 


9,(7) € L,(—©, 00), 


and let 7%g,(7) € L,,(—00,00). Then plainly f,(r), defined by (4.3), 
belongs to L,(—o0,00) also, and, since 1 < p’ < 2, the function 
f = #-"'f, exists and belongs to L,,(0,00),* we can easily see that 
I;../ = 9g. Of course, the condition is not necessary, as we see by 
taking g = I; ¢, where ¢ belongs to L,, but has no Mellin transform. 
So Theorem 7 is proved. 

Taking » = 0or 7 = —ain I;,, or K;,, respectively, we obtain the 

CoROLLARY. A necessary and sufficient condition that, given ¢$(z), 


the equation 


re 
c 


$(z) = {T(a)}4 | (z—t)*-f(t) dt (R(x) > 0) 


0 


or $(z) = {T'(a)}>2 [ (t—z)*-f(t) dt (0 < R(a) < 4) 


should have a solution f(t) € L,(0, 00) ts 
z-%h(z) € D,(0,00) and r*fil{z-%d(z)} € L,(—o0, 00). 
Let 0 < R(a) < 1 and, according to the definitions given by Hardy- 
Littlewood and Love-Young, 


bile) = Zoi ale), 


then from (3.73) we easily have 
d 
f(2) = qti-a) _ $= 4(2)- 
Hence the condition above is sufficient for ¢*,(z) to exist and 
belong to L,(0, 00). 
We can easily extend this result to the case 0 < R(a) < 00 using 
the more general definition of ¢* ,(z) given by Tamarkin, 


* Cf. 4.2. 
2695.11 P 
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7. Representations of the operators by transforms of the 
Hankel type 


Let R(v) > —1 and let . = H,¢ denote the Hankel transform 


w(x) = Lim. sq. ju (ta)(tx)'d(t) dt (de L,(0,00)). (7.1) 


N-o 


Here we take the Hankel sii in Tricomi’s form F(x) = §,/f. 
N 


F(x) = Lim. sq. J J,{2(ta)*} f(t) dt. 
N-o 

Putting f(t) = (2t)-'d{(2t)*}, F(a) = (2a)-tp{(2x)!} and considering the 
equations |f|, = |¢|., |F |. = |%|., from the theory of the Hankel 
transform we see that f € L,(0,00) implies F € L,(0,00), and from the 

theory of general transforms,* that (7.2) is equivalent to 

) = fi(—7)P (0 +-3+-07)/PGr+3—t7) (ff = Mf: 4 = MP). 
(7.3) 
We now split up (4.3) into two equations, taking 
R(n) > —4e. 
_ EX 

D(n-+-a+ 


F(z) = etettte a 
—ir) 


—r). 


2 
1 
2 


Hence we get 


F(x) = Lim. sq. j on sa 2(art)*}(at)-*f(t) dt, 


N-oo 


97,0 = Ho, n+2a F ? 
and 
THeorEM 8. The operator g;*, = I; f (p = 2, R(n) > —34) ts the 
product of the two operators defined by (7.4) and (7.5). 


* This immediately follows from the theory of ‘general transforms’, 
G. N. Watson, Proc. London Math. Soc. (2) 35 (1933), 156-99, cf. I. W. 
Busbridge, J. of London Math. Soc. 9 (1934), 179-87, and H. Kober, Quart. J. 
of Math. (Oxford) 8 (1937), 172-85. Under some hypotheses on K(x), the 
equation N 

F(x) = l.i.m. sq. [ K(at)f(t)dt (fe L,(0, 0)) 
1/N 
is equivalent to F, w(r)f;(—7), when we define w(7) = lim i K(a)a-*+** dx 
NO 1/N 
(cf. Kober, §3). The integral in (7.4) is absolutely convergent for R(a) > 4; 
the operator S was in substance dealt with by Kober, Quart. J. of Math. 
(Oxford) 9 (1938), 41-52, § 5. 
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Let S,,,+0,¢ denote the operator (7.4); then we have 


| he pros H2n+20Sen+a,0° (7.6) 


By a similar argument and by (3.1) we get for p = 2 
Kon wt Son+0,0 D2n+20 (R() > —}). 

I50 _— S_2n-0,0 D-2n' Ky. vase 9258-15-20 (R +a) < 3), 
(7.7) 


, . r— 7+ _ J+ K- — 
and we have Ky. Jt. = [fa Kaj = Senta Sen+a,0° 


We also can get the decompositions 
1 a aa Son+aye Dan: Kon re Hon Son+a,0 
and the following generalization, due to Erdélyi, valid for 
0 < RB) < Ra), 
Th = Son+a+B,0-BS2n+B,83 Koja = Soyip,pSo+0+fa-p- (7-8) 
when we put S,, = §,. Taking 7 = 0 and 7 = —a, for instance, we 


have 
x 


[ fete dt = 2S. pa-p Soph (0 < RB) < Ra), 


[ fit)(t—a)"-4 dt = 2%Sp 25.pSp-aa-pf (0 < (8) < Rla) < 4), 


I(x) J 


r 


when p = 2, fe L,(0,00), R(a) > 0. 








SOME REMARKS ON HANKEL TRANSFORMS 
By A. ERDELYI (Edinburgh) and H. KOBER (Birmingham) 
[Received 7 May 1940] 


1. The object of the present paper is to prove some theorems 
connecting Hankel transforms of different order. 
As in the preceding paper by H. Kober,t we denote the Hankel 
transform of a function f(x) € L,(0,00) byt 
index p’ N 
F(x) = $f = Lim. | Im{2V/(tx) {dt (l<p<2), (1) 


SV. 2 Vv; 
No 


where the limit in mean can be replaced by the ordinary integral 
over (0,00) when p = I, and we shall assume that $R(v)+1/p’ + 0, 
—1, —2,.... Here m = 0 when 3R(v) > 1/p—1 = —1/p’; otherwise 
m is the positive integer for which 1/p—1 < $R(v)+m < 1/p. Also 


Lait) = > CPG 


‘ n'V(v-+n+1) 
on Pi ete (2) 
mifvtiwt-1)y"’ "°° es ig 0 " 
so that J,,,(z) = J,(z) for 4R(v) > 1/p—1. When 38(v) < 1/p—1, 
we shall call §, the cut Hankel transform. Though some fundamental 
properties of the cut Hankel transform are not different from 
those of the ordinary one,§ yet in some points ordinary and cut 
Hankel transforms differ from each other. Both ordinary and cut 
Hankel transforms together form what we call simply Hankel 
transforms. 
The above choice of the non-negative integer m will be maintained 
throughout the paper. 
The notation (1) of Hankel transform is slightly different from the 
notation generally used.|| Our notation, which is identical with that 


+ This paper will be quoted as K so that K Theorem 2 or K (3.4) mean 
Theorem 2 or equation (3.4) of the preceding paper respectively. 

~ K (7.2). iy 

§ H. Kober, Quart. J. of Math. (Oxford) 8 (1937), 186-99. 

| Cf. e.g. E. C. Titchmarsh, Introduction to the Theory of Fourier Integrals 
(Oxford, 1937), 245 (9.1.3) and the literature quoted in this work, for the 
Hankel transform in the restricted sense. For the cut Hankel transform see 
H. Kober. loc. cit. 
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used by Tricomi,t} has some advantages from the formal point of 
view. Its only disadvantage is that it does not reduce, for v = } 
and —4 respectively, to Fourier’s cosine or sine transform in the 


usual form. 
The fundamental properties of , are expressed in the following 


two theorems: 
THEOREM 1. Let 1 < p < 2 and let f(t) belong to L,(0,00). Then 
the transform §, as defined by (1) exists and 


0 


r we od { - up 
\F(a)|" dx} <A | | f(a) |? dx 

. J \. J 

When p = 1, the left-hand term is to be replaced by the essential upper 
bound of |F(x)| in (0,00). 


THEOREM 2. Let 1<p< 2, let f(t) belong to L,(0,00) and 


F(x) = $,f; (j = 1,2). Then 


[fife = [ Bf de. 
0 0 


This is Parseval’s theorem. 

These theorems (except for p = 2) are not trivially equivalent to 
the known fundamental theorems on Hankel transform in the usual 
notation. The proof of Theorems 1 and 2 is given in the Appendix 


to the present paper. 


2. In the following two sections we shall give some theorems on 
the reduction of cut Hankel transform by repeated integrations by 
parts. These theorems have been the starting-point of the present 


investigations. 


THEOREM 3. Let l be a positive integer, 4R(v)+-1/p 4 0, —1, —2.,... 
and 3R(v)+1 < 1/p’; let f(t) belong to L, (0,00) (1 < p < 2) and 


(a) F= 9, f: let 


g-w 


ate) = Tpaf = “oy | (t—2F soe a 


and G = I;,,F; then G = §,409. 


+ F. Tricomi, Rend. dei Lincei (6) 22 (1935), 564-71 and 572-6, Atti della 
Reale Acc. d. Sci. di Torino 71 (1935), 1-7. 
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(0) F= DSysaf: let 
on ziv 
g(z) = Ky f = WO) 
0 
and G = Kj, F; then G = §,9. 


(z—t) fit” dt (4) 


We shall prove these theorems for / = 1 only, The more general 
statement then immediately follows by repeated application of that 
particular case. 

Proof of Theorem 3 (a) for! = 1. By Theorem 1, F(x) € L,(0,0 
Also, since 4R(v)+1 < 1/p’ < 1/p, g(x) and G(x) belong to L, , (9, ‘i 


and L,,,(0, 00) respectively. 
Now we define 


f(t) = 90 when O0O<t<e@ and f,(t)=?#” when t>z2z. 


Plainly, f,(¢) ¢ Z,(0,00) for every fixed x > 0, and from (2) it is easily 
seen that 


Ft) = Sf: = [ Fomf2/(tw)jul? du = —al HAT, f2yl(ter)}. (5) 


The application of Theorem 2 to f(t), F(t) and f,(t), A(t) gives 


( F(t) dt = —aiv+4 {4 simi 2/(at)} f(t dt, 
x 0 


" F(t)” dt = 


= at [ Tyas m{2y/(act)}t-r td fa» +1g(t)}. 
0 
Hence G(x) = lim G(x, NV), where 
N>« 
N 
G(a,N) = a- | Jy 1 mi 2a/ (at) tt df Hg(t)}. (6) 


0 


+ For 1 <p <© this follows from Theorem 330 of Hardy-Littlewood- 
Pélya’s Inequalities (Cambridge, 1934), the case p = 1 being covered by the 
note to this a m. When p = 1, we have p’ = o, |G, = essential upper 
bound of |G(«)|, and 

is a) 
edeon-t [ ghawwr|g(t)| dt < |JRv)+1[7Wgly» 


and so GE Ly = La. 
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Now, integrating by parts, we have 
G(x, N) sai. I Iyas, mi 24/( xt )}t*g(t) i). , ~~ 


N 
—24 la {TAPAS 3 nf Qallat)} g(r? dt 
0 
= G(x, N)+G,(a, N). 
Clearly, we have from (2) fort > 0 
OS .1 m{2a/(at)} = Of") with $R(v)+m+1 > 1/p 
and, from (2) and the well-known asymptotic representations of 


Bessel functions of the first kind,t for t + co 
OI, 45 m{2V(at)} = O(t8)+O(t”*™). 


+1, nik 


Also we have from Hoélder’s inequality and (3) for all values of ¢ 


(: 
7 Pre ae sr ees 
g(t)| < t-2R)-1 i! fi) Pde | f win du} < At» (p>1), 
t 


x a 


g(t)| < t= [| f(z) |r!) de < #4 | |fla)| dr < At (p= 1), 
i t 


where A does not depend on ¢. Hence the expression in the square 
brackets in G,(2,N) vanishes for ¢ = 0, and also 


(x, N) = O(N#-1P)4 O(N +™-1p) > 0 (8) 


for N + co under our hypotheses on p,m, v. 
Again, we have from (2), 


ot - +Hm\2 2,/(at)}] = —alt 1D) 49. m—1{2y/(2t)}, 
N 
and hence G(x,N) = | J,s2m-1{2y(xt)}g(t) dt, 
0 
and G(x) = lim G(x, V) 
N-@ 
by (7) and (8). Now g(x) € L,; therefore by Theorem 1 and (7’) the 
limit in mean of index p’ of G,(x, N) exists and equals §,,.g. Hence, 
by a well-known theorem, G(x) = §,,.g. This completes the proof. 
The proof of Theorem 3 (b) is rather similar to that of 3(a), except 
that the integration by parts has to be done the other way round, as 
it were. 
+ Cf. also H. Kober, Quart. J. of Math., loc. cit. (2.3). 
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Instead of the function f,, we have to use here 
f(t) =t-*- when O<t<z and f,(t)=0 when t>vz. 


Instead of (5) we obtain 


F(t) = Dys2f. = ta AS, 41 mk2y(ta)}; (10) 
we then apply Theorem 2 to f, f, and /’, F, writing in this case 
fit) = BAZ tg(e} (11) 
dt 


and integrating by parts. In doing so, instead of (9) we have to use 
S [OAS (2 e2)}] = CHO, (2) 
The rest of the proof follows closely that of Theorem 3 (a). 
3. The inversion of Theorem 3 is given by the following. 
THEOREM 4. Let l be a positive integer, 4R(v)+1/p ~ 0, —1, —2.... 
and 4R(v)+l < 1—1/p; let g(t) belong to L,,(0,00) (1 < p < 2) and 


(a) G=$,429. Suppose that g is representable in the form 
g = 1}, f where f(t) € L,(0, 0). Then also G is representable in the 
form G = I;,, Ff, and F = §,f. 

(6) G=,g. Suppose that g is representable in the form g = Kj, f 
where f(t)e L,(0,0). Then also G is represeniable in the form 
G = Kj, F,and F = §,, uf. 

Again, it is sufficient to prove Theorem 4 (a) only. From Theorem 1, 
F = §,f exists and belongs to L,,(0,00). Also G* = I;,, F is equal to 
§,.2:9, by Theorem 3 (a), and hence almost everywhere equal to G. 
Thus G = I;,,F almost everywhere, and the theorem is proved. 

When p = 2, we can use the last two theorems to reduce any cut 
Hankel transform to the ordinary one. For 1 < p < 2 this is not the 
case when 1/p’ < 4R8(v)+m < 1/p. Hence the class L,(0,00) plays 
a particular role, and in §§ 5-7 we shall restrict ourselves to functions 
of this class. 

The method used here is not confined to cut Hankel transforms 
nor is the restriction imposed upon / in our theorems unavoidable. 
Using appropriate limits of integration, we can start, at least in 
L,(0,00), with any Hankel transform, ordinary or cut, and integrate 
by parts in either way any number of times. From the results of 
§§ 5, 6 it will be seen that even fractional integration by parts may be 


used. 
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4. It is of some consequence for the theory of biorthogonal systems 
that the reduction of §, to §,,., is twofold. Let both {f,} and 
‘b,} (n = 0, 1, 2,...) be sequences of eigen-functions of §,,,.,; further- 
more, let {f,,¢,} be a biorthogonal system. Then we can show that 


the sequences 
In= Up) fu Yn = Kid, (mn = 0,1,2....) 


re both systems of eigen-functions of §, and also that {g,,%,} is a 
biorthogonal system. This procedure has been used actually to obtain 
biorthogonal sets of eigen-functions of the cut Hankel transform 
from those of the ordinary one.t 


Theorems 3 and 4 are particular cases of some more general 
rules indicated at the end of §3. We shall, however, confine ourselves 
in the following sections to the case p = 2 and shall give only three 
more theorems. Also we shall employ another method of proof 
using the theory of ‘general transforms’ and the results of the 
preceding paper, since this procedure is extremely short and gives 
better results than that sketched above. 

Throughout the rest of this paper « is an arbitrary parameter such 
that R(a«) > 0. For the definitions and fundamental properties of the 
operators J; , and K; , we refer the reader to K.} 

In this section we state those of our theorems which refer to Hankel 
transform in the restricted sense only. 


TuroreM 5. Let R(v) > —1, f(t) € L,(0,0) and 
(a) F = §,f;leg = If, fand G = If, ,; then G = 9y4209- 
(b) F = §,42,f;letg = Ky,,fand G = Kj, F; then G = §,9. 


Proof of Theorem 5(a). In consequence of the theory of Hankel 
transforms§ F exists and belongs to L, (0,00). Also! 


F,(7) 1 


v+43-+ir) 


fi(—r) = 1(4v+-4—i7) 


1 
2 
1 
> 


t A. Erdélyi, Proc. Edinburgh Math. Soc. (In the press.) 

In K (a) > 0 has been assumed. In another paper by Kober it will be 
shown that the operators can be defined for R(a«) = 0 and that the theorems 
we shall make use of hold for R(a) > 0 when p = 2. 

§ E. C. Titchmarsh, Proc. Cambridge Phil. Soc. 21 (1923), 463-73. 

,(r) denotes the Mellin transform of ®(z) € L,(0, 0), Dy(7) = 








218 A. ERDELYI AND H. KOBER 


From K Theorem 2 we see that g and G exist and belong to L,(0, 00). 
Furthermore, in consequence of K Theorem 5 (a), 


Gxte) _ gle) __ P44‘) 





Aga. Jif aS 12 

F(t) filt) T(v+a+$—i7) (12) 
ae (©) _ le) Bie) f—r) _ Rr-tact tin 
Tl 3 - — r( : men . > 
a ae 7) fi(— T) 9y( (—7) P'(4v+a+4—ir) 


and hence in consequence of the theory of Hankel transform we 
have G = §, 40.9: 

We obtain an alternative proof of Theorem 5 (a) from the results 
of K §7 using the two alternative decompositions of Jj,,. The 
shinai of Theorem 5 (a) reads 


Ii Dy = = Dyson li a (13) 
Now from K (7.6) we have, since S,., = §,. 
It 2D, = 8, S S,o 


v+2a,0™v+a,a 
and from K (7.7) 
+- Y Y 
| ore ae = &,, 20,05, +x, a/ Sy, 0° 


Hence (13) is true. 
The proof of Theorem 5(b) is quite similar. 
THEOREM 6. Let R(v) > —1, g(t) € L,(0,0) and 
7%9,(7) = T°Mig(t) € Ly(—90, 00) ; 
let furthermore 

(a) G=Q,40.9- Then r*G,(r) = 7°MG(t) € L,(—o, 00), the func- 
tions f = (1j,,) 1g and F = (If, ,)1@ exist, belong to L,(0,00), and 

= $f. 

(|) G=$,g. Then 7°G,(r) = r°MG(t) € L,(—,00), the func- 
tions f = (Kj) 1g and F = (Kj, ,) 14 exist, belong to L,(0, 00), and 
F = 9,20 

Proof of Theorem 6(a). By the theory of Hankel transform G(x) 
exists, belongs to (0,00); its Mellin transform exists and 


['(4v+a+$-+ir) 


1 


I'(4v+a+} 


|7*G,(7)| = |7* 9i(—T)| < A|r°g,(—7)| 


iT) 
where A is independent of 7. Hence 7%g,(7) € L.(—o0,00) implies 
TG a € L,(—0,00), and by K Theorem 7 (a) both of the functions 
f= Uf§,.)"g and F= (If) 1G exist and belong to L,(0,0). 
Consequently, ® = §, f exists and belongs to L,(0, 00); also ¥ = 17, ,® 
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exists, belongs to L,(0, 00) and from Theorem 5 (a) we have ¥ = §,,2,9- 
But according to the premisses of Theorem 6(a), G = §,,0,9- 
Hence ‘= G@ and, the operation (Jf,,)- being unique (K §5), 
also ® =g. This completes the proof of g = §,f. The proof of 
Theorem 6 (5) is similar. 

Plainly Theorem 6 is the inversion of Theorem 5. 

Theorems 5 and 6 can be extended to negative values of R(v)+1 
when using appropriate generalizations of the operators Jj, and 
K;,,.- This will be dealt with in a subsequent paper. 


6. This section contains a theorem which, in a certain sense, is a 
more precise statement of Theorem 4 in the particular case p = 2. 


THEOREM 7. Let l be a positive integer, R(v) 4 —3, —5, —7.... 

and R(v)+2l < 1; let g(t) € L,(0, 00) and 
719,(t) = 7'Mg(t) € L,(—90, 00); 

let furthermore 

(a) €=H,409. Then G,(r) = AMG(t) € L,(—oo,00), the func- 
tions f = (Ly, 19 and F = (Jj,,) 1G exist, belong to L,(0,00) and 
F = $f. 

(6) G=§,g. Then 7G,(r) = 7MG(t) € L,(—oo, 00), the functions 
f= (Ki) "9 and F= (Kj) G@ exist, belong to L,(0,00) and 
F = Qys0f- 


The proof of Theorem 7 is similar to that of Theorem 6. 


7. Theorems 5—7 can also be obtained as particular cases of some 
well-known rulest connecting different classes of self-reciprocal 
functions; though we have to replace Titchmarsh’s rule 3 by a 
slightly more general one{ which also covers the case of the cut 
Hankel transform. Also some care is needed. Of course, if 7’ is any 
transformation in L,(0,00) with domain L,(0,00) which transforms 
+§, into +§,, ie. such that T(+9,f) = +9, Tfforanyf € L,(0, 0), 
obviously 7’ also transforms any function self or skew reciprocal with 
respect to , into a function with the same property but with respect 


+ E.G. Phillips, J. of London Math. Soc. 4 (1929), 310-13; G. H. Hardy and 
E. C. Titchmarsh, Proc. London Math. Soc. (2) 33 (1931), 225-32; B. M. 
Mehrotra, Proc. London Math. Soc. (2) 34 (1932), 231-40, and Proc. Edinburgh 
Math. Soc. (2) 4 (1934), 53-6. Cf. also Titchmarsh’s Theory of Fourier Integrals 
(Oxford 1937) §§ 9.14-9.16. 

t H. Kober, Proc. London Math. Soc. (2) 45 (1939), 229-42, vide (3.2). 
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to §,. Here we have to employ the converse, which is also true, if we 


add the condition that 7’ is linear.f 


8. Appendix 

The proof of Theorems 1 and 2 follows the lines of the proofs given 
by one of the authors and by I. W. Busbridge for the Hankel trans- 
form in its customary form.} It is based upon the lemmas: 
Lemna 1. Let v be restricted and m be defined as in §1. Then 


J, m(2NX) = a, K,(x)+- ag K,(x)+-K, (2), 


e 
vem 


x | wae oe 7), K,(x) = a-tsin(2v2), 


vher : ] 
seis xo} v7 |sin | ; ” 


; (0, 
while K,(x) 


\a—-teos(2v2) 


A (xi R)+mt gt) (0 <a“< l. 


and |K,(x)| < for 


| A (ach )+m 1 Lo t) \ar : 
Lema 2. Let N be any positive number, let K;(x) (j = 1, 2) be defined 
as in Lemma 1, and let 


g(x) = Tf = | 


0 


N 1 
'91(*) |2 $ o( | fue at) 


‘0 


VV 1 
Igo(2t) |p « o [ \f(t) =a, 


‘0 


\ 


K,(ta) f(t) dt (j = 1,2). 


where C is an absolute constant, and 
N 
1g;(%) |. ess. u.b.|g,(7)| < C | |f(Q)| dt (j , 2). (16) 
0<zr< a . 
0 
Lemma 3. Let g,(x) (j = 1,2) be defined as in Lemma 2. Then, 
forl<p< 2, 
of lp 
g)(2)|y < o( [ire i) (j = 1,2). 
0 
t H. Kober, Proc. London Math. Soc. (2) 45 (1939), p. 239, § 2. 
{ H. Kober, referred to in §1; I. W. Busbridge, Quart. J. of Math. (Oxford), 
9 (1938), 148-60, Lemmas 1-3 and Theorems 2-4. For the notation of the 


norm of f(t) in L,(0, 0) by |f|p vide K § 1. 
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Lemma 4. Let K,(x) be defined as in Lemma 1, let 1 <p 


and let x 
J3(x) K,(tx) f(t) dt. 
Then 193(%)| »’ < A|f(t) le 
The proof of Lemma | easily follows from the asymptotic expansion 
of J,(z), that of (15) from a well-known property of the Fourier sine 
transform. Putting 


x(x) = | Ky(€) dé, 


0 
2 


w(t) = (4—i7) M{x(x)/z} = vor EE+17) _ 9-2ir4 [ 22% cos 2 dx, 
P(q—ir) 
0 
then w(r) is bounded in (—oo, 00), and so (14) follows from the theory 
of general transforms.t (16) is trivial, since |A;(x)| < 2 (j = 1,2). 
Lemma 3 follows from Lemma 2 by the convexity theorem of 
M. Riesz.t For Lemma 4 (1 < p < 2) ef. Kober, loc. cit. 192, and 
Busbridge, loc. cit. 157; the lemma holds also when p = 1. 
The proof of Theorem | is an easy consequence of Lemmas 3 and 4. 
The proof of Theorem 2 follows from 


Lemma 5. Let 1 < p < «@; let K(t,x) be a symmetric function of 
t and x in (0,00; 0, 00) and bounded in any finite square (1/a, a; 1/a,a), 
and let the functions 


index p’ VY 
g(x) =lim. [ K(t,2)f(t)dt (f,¢L, (0,00), j = 1,2) 
N->« uN 
exist almost everywhere in (0,00). Then 
[ fule)gele) dx = f falt)gr(t) at. 
0 


0 
+ G. N. Watson, Proc. London Math. Soc. (2), 35 (1933), 156-99. H. Kober, 


Quart. J. of Math. (Oxford) 8 (1937), 172-85, Satz 2A. 
t M. Riesz, Acta Math. 49 (1927), 465-97. 














ON CERTAIN EXPANSIONS INVOLVING 
PRODUCTS OF LEGENDRE FUNCTIONS 
By T. G. COWLING (Manchester) 
[Received 2 July 1940] 
In considering the expression of the homogeneous solutions of the 


equation 22 
7" <4 es . = 0 
x* * oy? c 
in terms of the similar solutions of Lamas equation, I was led to 
the relations 
in pm| BE | 
\(u?+p2—1)4 
n 


_ (n+m)! ba (r—m) ap Pw) P™(w'), (1) 


(w?+p2—1)! 


! 
nN: ‘ (r+m)! 
(u?-+p’2—1) mPa pp’ | 
. (w?+-p’2—1)}J 


- (—1)™! S (r—m)! , P™n)Qmy’). (2) 
(n—m)! — rat” 

is the 

coefficient of P(z) in the expansion of 2” in iidion of Legendre poly- 

nomials, and b,,, that of Q,(z) in the similar expansion of z-”"-! in 

terms of Legendre functions of the second type,* so that 


Any = 0 = by, 


* The expansion of z2~"~? in terms of Q,(z) functions does not seem to be 
well known. It is derived by using C. Neumann’s general expansion formula. 
If f(z) is any function regular in the annulus between confocal ellipses a, 8 with 


z = +1 as foci, of which w surrounds f, then throughout the annulus 


In these, m, n are positive integers, and 0 < m <n; 4a,, 


Se) = ¥ oPA2)+ ¥ d,Q,2), 


r=0 
where or] 
op =" | peraue ads, 
Qa 
2 nT 
én | f(2)P,2) dz. 
27 
5 


If f(z) = z~""", the dimensions of « can be taken indefinitely large, when it is 
clear that c, = 0. Also, by Cauchy’s theorem, d, is (27+ 1) times the coefficient 
of z"in the expansion of P,;. The expansion is uniformly convergent save on 
the real axis between z = +1. 
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if ry > n or n—r is a positive odd integer; if m—r is a positive even 
integer or zero, then 

ein —r+2 

= ttr-1).— n(n—1)...(n—r-+-2) BEY 
(n+r+1)(n+r—1)...(n—r+3) 

(—1)4"—(n-+r)! 
2r! {A(n-+r)}! {4(n—r)} 
Hobson’s associated Legendre functions are used. The quantities 
pu, »’ are given in terms of x, y, z, k by 

b= z//{a?+-y?+2*}, p’ se kl, (k?—1). 

Proof of (1). By the Laplacian integral for P%, the expression on 

the left of (1) is equal to 





n-+1) 


7 


| tow +cos $ 4/(u?—1),/(u’2—1)}" cos md dd 


0 


(n+m)! 


= > ayy | P{up!-+-cos y(u2—1)y(u'2—1)} cos m¢ dg, 


n! a 
r=0 


(n+m)! 


! 
WT 


7 


0 
and, since, by the addition theorem, the integral on the right is 
ia (r—m)! P”(u)P™y’)|(r-+-m)!, 
the result follows. 

Proof of (2). Let p, »’ be positive, and such that p <1, p’ > 1/p. 
Then the expression on the left equals 


be +008 y|(u2—1)q(u’*—1)}-"-1 cos mg dd 


0 


n! 
(n—m)! 


= ae fw +cos $,/(u?—1),/(u’*—1)}cos m¢ dd, 


= —m) 


whence, by use of the addition formula 
Q,{up’ +008 by/(u?—1)y/(u"?—1)} 
= Pu)Qu!)+2 Y (—1)P7™(u)QMu)o0s m4, 
together with the relation 
r—m)! 


P7™u) =o 


cpm Pre) (m <r), 
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the result follows. The assumptions limiting » and px’ were made to 
ensure the validity of the addition formula; but, using the asymptotic 


expressions for P?"(u), Q?"(u’) for large r, we find that each side of 
the equation is an analytic function of uw and yp’ if pw lies inside an 
ellipse with foci -+-1, and yp’ outside a larger ellipse with the same 
foci. Thus the relation is valid subject to these less stringent con- 


ditions. 








